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ABSTRACT

This thesis develops a classification of one-dimensional invertible topological (IT) and
symmetry-protected topological (SPT) phases for lattice systems whose degrees of freedom
are parafermions. Parafermions generalize Majorana operators by replacing fermionic Z,-
grading with a Z 5 structure, leading to exchange relations that are sensitive to ordering and
orientation. While parafermions have appeared in various physical contexts, a systematic
classification of parafermionic SPT phases has so far been lacking.

We first develop the algebraic foundations of parafermions, including a detailed analysis
of the parafermion algebra, its center, and the existence and uniqueness of global parafermion
charge operators. A fundamental distinction is established between algebras generated by
an even and an odd number of parafermions, which has direct consequences for symmetry
realizations and boundary degrees of freedom. Local and global parafermion charge operators
are constructed explicitly, and both canonical and generalized notions of charge conjugation
are analyzed.

Building on these results, we formulate a framework for parafermionic I'T and SPT
phases in one dimension. The protecting symmetry group is assumed to contain the global
parafermion charge as a normal subgroup, allowing the symmetry to be described as a general
group extension. We show that bulk symmetries must act linearly, while boundary zero modes
may transform under projective representations, subject to compatibility conditions with the
bulk symmetry action. The classification problem is thereby reduced to the classification of
projective boundary representations of the protecting symmetry group.

The main result of the thesis is a complete classification of parafermionic SPT phases
under the stated assumptions. Even and odd numbers of boundary parafermions lead
to qualitatively distinct classification schemes. In the even case, equivalence classes are
characterized by ordinary U(1)-valued cohomological data together with an additional index
capturing obstructions to linear symmetry implementation. In the odd case, the presence of
a nontrivial center requires an extended notion of projective representation involving both
U(1)- and Zp-valued data. Together, these results generalize the known classification of
fermionic SPT phases and provide a unified framework for parafermionic symmetry-protected
topology in one dimension.
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9The title page depicts the Paley graph [1] of the integer modulo 61 field Fg; = Z/61Z. The vertices are
distributed radially and denoted by red dots. The edges are represented by black lines. Figure generated
using Wolfram Mathematica. Each vertex corresponds to a congruence class modulo 61. Let the integers
a#be{0,1,...,60} correspond to two different vertices. There exists an edge between these two vertices if
and only if the difference of a and b is a perfect square in Z/617Z, i.e., there exists a ¢ € {0, 1, ..., 60} such
that @ —b = c? mod (61). As shown in Proposition 4, generalized charge operators can realize symmetries
if and only if they multiply the parafermion charge by an integer that squares to one modulo the parafermion
order. Moreover, such perfect squares can be used to construct isomorphisms between parafermion algebras
that respect the locality of the system.
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Chapter 1

Introduction and overview

The goal of this thesis is to study invertible topological (IT) phases and symmetry-protected
topological phases (SPT) for a one-dimensional lattice whose sites host parafermions. The
one-dimensional lattice has the topology of a ring if periodic boundary conditions (PBCs)
are imposed. It has the topology of an open chain if open boundary conditions (OBCs)
are imposed. The adjective topological in this thesis refers to the possibility that there are
observable differences when the thermodynamic limit is taken with OBCs instead of PBCs.

An IT phase refers to a family of Hamiltonians constructed out of degrees of freedom!
assigned to the elements of a set 2, the base space,? such that

1. any member H of this family

(a) is local with respect to some natural distance on base space (2,

(b) exhibits a nondegenerate gapped ground state after the thermodynamic limit
|€2] 1 oo has been taken whenever base space 2 has no boundary,?

(c) exhibits a gapped ground-state degeneracy after the thermodynamic limit has
been taken whenever base space {2 has boundaries,

2. any two members H and H’ of this family can be deformed into one another without
closing the gap and without leaving the family.

An SPT phase is an IT phase such that all members of the family of Hamiltonians share the
same protecting symimetries.

History of IT and SPT phases The first theoretical example of an SPT phase was
proposed in 1976 and 1979 [2,3]. The first experimental discovery of an SPT phase took
place in 1980 with the observation of the integer quantum Hall effect [4-6]. Both apply to
fermionic degrees of freedom. The first example of a bosonic SPT phase took place in 1987
with a remarkable reinterpretation of the antiferromagnetic quantum spin-1 chain [7-11]. Tt

!The degrees of freedom can be bosons, fermions, elements of a simple Lie algebra, or objects satisfying
some more complicated algebra.

2Base space €2 can be countably finite or it can be a compact subset of some Riemannian manifold.

3We use the notation |€2| to denote the cardinality of base space Q if  is countably finite or its volume if
it is a compact subset of a Riemannian manifold.



is with the theoretical prediction of the two-dimensional topological insulator in 2004 [12,13]
that a systematic classification of I'T and SPT phases was undertaken, leading in 2021 to a
classification for interacting bosons and interacting fermions obeying on-site symmetries that
is believed to be exhaustive [14-16].

Motivating example To make these ideas more concrete and to motivate this thesis, we
now review perhaps the simplest I'T and SPT phases that can be realized for a one-dimensional
lattice. The associated family of Hamiltonians can be traced to one proposed by Kitaev in
2001 that was the first realization of an intrinsic (not protected by symmetry) fermionic I'T
phase [17]. Consider the family of Hamiltonians?

r  L—b|r|
- 21 e Mgy T <0,

Here, each site j =1, ..., L hosts the pair ; and 7, of Majorana operators.” All 2L Majorana
operators obey the Clifford algebra CL,;, namely they all square to the identity, anticommute
pairwise, and are Hermitian. The index b = 0 selects PBCs, in which case the site index
j € Z;. The index b = 1 selects OBCs. The absolute value of the index r € Z selects the
range of the hopping between two pair of Majorana operators, while its sign selects the
direction of the hopping. Each member of the family (1.1) commute with the fermion parity
operator

L
Up:=[[Cos  Coji=igsm; (1.2)
j=1
There is no ordering ambiguities between Cj 4, ..., C 1, as they all commute pairwise. The

fermion parity Ug, squares to the identity and is Hermitian. It generates the fermion-parity
symmetry group Z5P. This symmetry group has a very special status. We shall demand that
it cannot be broken, neither explicitly nor spontaneously and we shall always work in the
2L~1_dimensional subspace of the 2”-dimensional Hilbert space on which the eigenvalue of

U, is either +1 or —1. These conditions are examples of fermionic superselection rules.

4Kitaev had invented and solved H 1:b-
5We need two Majorana operators on each site § = 1, ..., L so that ¢; = (nj + iﬁj)/2 and its adjoint

c;. = (n; —i§;) /2 realize a fermionic annihilation and creation operators, respectively. In the fermion
representation,
L : 1
tyo =3 (<} 3)
=1

is the atomic limit of an insulator, while

L—b|r|
H,.,=+ Z (cj Cipr T+ cj- C;+r + H.C.)
j=1

are |r| copies of the Kitaev superconducting chain.
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The family (1.1) of Hamiltonians is deceptively simple as can be seen by writing [18§]

— g .
Hr;b T <_1) 0 Z Cr,j7 Cr,j T lgj nja r= 07 (13)
= i Mg, T >0,
and observing that, for fixed r, any one of C, 4, ..., C), | is Hermitian, squares to the identity,
and any two of C, y,...,C, | commute as already stated. On the one hand, H,,_, is

Ising-integrable in that it share the same energy eigenvalues as the classical Ising chain
obeying PBCs. As such, it has a nondegenerate gapped ground state when subjected to the
superselection rule on the fermion parity. On the other hand, H,.,,_, differs from H,.,_,
in that it has a 2/"! linearly independent degenerate gapped ground states (even before the
thermodynamic limit has been taken) as Cp_, 41, ..., drop out from H,,_, relative to
H,.p—o- This difference would be remarkable and consequential if it were not an artifact of
the Ising-integrability of H,.y,.

One might attribute the 2/"l-degeneracy of H, p_; as an accident stemming from its Ising
integrability. To test this hypothesis, we consider first the interpolation [18]

Hoppo1(A) = (1= A) Hppoy + AHg, 0<A<L (1.4)

Because H,.,_, does not commute with Hy_;, the spectral extensive degeneracies of the
classical Ising chain are lifted. Because H ,.,_;(A) is quadratic, it can be diagonalized by
Fourier transformation. One then verifies that the gap closes if and only if A = 1/2. When
0 < X < 1/2, the ground-state degeneracy of Hy ., () is 2I7l_fold. When 1/2 < A <1, the
ground-state of Hy ,,_;(A) is nondegenerate. We conclude that the ground-state degeneracy
2l of H,.,_, cannot be attributed to its Ising integrability.

To gain more insights on the origin of the ground-state degeneracy 2"l of H, .y, we
observe that this degeneracy arises because the Majorana operators 7y, ..., 7, on the left-hand
side of the open chain and the Majorana operators §y7, ), ... ; §o1, on the right-hand side of
the open chain that are present in H,.;,_, do not enter in H,.,,_;. At this stage, it is essential
to recognize that each member of the family (1.1) commutes with the antiunitary operator
Uk defined by the conditions

UciU =—i,  Ugn Uk =+n;,  Ug& UL = —¢; j=1,...,L. (L5)

Hereto, Uy squares to the identity. It generates the symmetry group Zk. Moreover, it
commutes with the generators Ug,. Hence, each member of the family (1.1) shares the same
symmetry group

GPF .= 7FP % G, G = Z%. (1.6)
Now, the most general quadratic Hamiltonians for the left and right boundaries are given by
= S i =-UcHNPUL, A eR, (1.7)
1<g<i<]r|
and
R T s

L—|r|<j<I<L

11



respectively. Hence, if we impose that the symmetry GPF holds on the boundary, there is no
symmetry-allowed quadratic term that could lift the ground-state degeneracy 2"l of H,py
This argument applies to any Hamiltonian such that the left boundary is spanned by a vector

N = () (1.9)
of Majorana operators, while the right boundary is spanned by a vector
&' = (Eojrps - 61L) (1.10)

of Majorana operators. If we declare that the protecting symmetry group (1.6) defines
the symmetry class BDI, we conclude that the family of all gapped local Hamiltonians in
the symmetry class BDI that are quadratic forms for Majorana operators originating from
attaching to each site of a one-dimensional chain a pair of Majorana operators, can be
classified by the topological index [19-21]

non-interacting-index(BDI) = ..., —1,0,+1,... = Z (1.11)

labeling the family (1.1).° The symmetry class BDI host distinct fermionic SPT phases
classified by an integer-valued topological index when many-body interactions are excluded.

If we do not impose the symmetry 7, the quadratic boundary Hamiltonians H, ,‘_’d and
HE? are allowed by the symmetry Z5P. As quadratic forms for Majorana operators, they can

be written as’
HY =n"A,n i) erR=1, (1.12)

and
HY =¢"A, ¢  ifAY er=1, (1.13)

respectively. Here, the |r|x |r| matrix A, is antisymmetric with all entries above the diagonal
given by the imaginary unit i. When |r| is even, all the eigenvalues of A, come in |r|/2
pairs +1 and the ground-state degeneracy on each boundary is completely lifted. When |r| is
odd, A, has (r —1)/2 pairs of eigenvalues +1 and one zero mode, leaving a ground state
degeneracy of 2 across the open chain. If we declare that the protecting symmetry group Z5°
defines the symmetry class D, we conclude that the family of all gapped local Hamiltonians
in the symmetry class D that are quadratic forms for Majorana operators originating from
attaching to each site of a one-dimensional chain a pair of Majorana operators, can be
classified by the topological index

index(D) = 0,1 = Z, (1.14)

that labels H, , with r =0, 1.

5The index is topological because interpolating between two members of the family (1.1) without violating
the BDI symmetry and adding interactions is possible if and only if the gap closes.

7A term of the form 1" A, & is forbidden by locality, or, more precisely it can only be included with a
multiplicative prefactor exp(—2v L/A) with A a characteristic velocity and A the spectral gap characterizing
the spectrum in the thermodynamic limit.
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So far, we have ignored many-body interactions, i.e., monomials of order larger than two
in the Majorana operators. For example, terms like

2n
Hlt_)dn = [WT Ay 77] ; n=12.., (1.15)

and -
HE, =[6TA, €7, n=12.., (1.16)

respectively, are permissible in the symmetry class BDI. By explicit computation, one verifies
that the boundary ground-state degeneracy is completely lifted when |r| is an integer multiple
of the number eight. This means that by switching on such boundary interactions, one
adiabatically interpolates between Hg,. |, and Hyy, i.e., [22-24]

non-interacting-index(BDI) = Z — interacting-index(BDI) = 7 /87. (1.17)

Interactions do not change the topological index (1.14) in the symmetry class D as a single
Majorana on its boundary cannot interact with itself (it squares to the identity).

By way of explicit constructions of Hamiltonians when space in one-dimensional, we have
argued for the existence of two I'T phases in the symmetry class D through the representatives
H, , with 7 = 0,1, and for the existence of eight SPT phases in the symmetry class BDI

through the representatives H,. ,, with r =0, ..., 7. This bottom-up approach has the virtue
of providing an intuition, but it lacks generality.

Classification of fermionic IT and SPT phases Is it possible to classify in a systematic
way all one-dimensional fermionic ITs and SPT phases by studying one-dimensional chains
whose sites each hosts an even number of Majorana operators by simply assuming the
existence of boundary zero modes and imposing consistency conditions on the transformations
laws they obey under the protecting symmetries, the on-site symmetry group G™°? This
program had been undertaken in 2009 for on-site degrees of freedom that are bosonic in
the sense that they commute when they are distinguished by their site index [25,26]. The
outcome was a classification of bosonic SPT phases based on the second cohomology group
H?[GBO,U(1)] where the protecting symmetries generate the on-site symmetry group GE©.
For fermions, the same task is more challenging and was completed 10 years later [27-31].

Goal of thesis The purpose of this thesis is to generalize the boundary-based classification
of one-dimensional fermionic I'T and SPT phases with a general fermionic on-site symmetry
group GFP from Ref. [31] to parafermions (PFs). The point of view taken in Ref. [31]
is that, given a fermionic IT phase when base space has boundaries, any obstruction to
simultaneously deforming the ground state into a trivial product state while preserving the
protecting symmetries, necessarily appears at the boundary and is fully encoded in the
symmetry properties of the boundary degrees of freedom.® The central result in Ref. [31]
is that any one-dimensional fermionic IT or SPT phase with symmetry G'" is completely
characterized by a triplet of indices

([, p)], 1), (1.18)

8This is an example of an anomaly inflow [32].
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which encode the transformation properties of Majorana boundary degrees of freedom. The Z,-
valued index [u] records the parity of the number of Majorana modes localized on a boundary,
distinguishing between intrinsically fermionic phases ([u] = 1) and phases admitting purely
local fermionic Fock spaces on the boundary ([u] = 0). The remaining data [(v, p)] classify
projective representations of the symmetry group on the boundary and take values in suitable
cohomology groups determined by GFP.

Our main result is the construction of a classification in terms of a triplet of indices that
also characterizes parafermionic SPT phases with a general parafermionic on-site symmetry
group GPF. To the best of our knowledge, this result is new, but why would this result be
interesting?

Why parafermions? From the mathematical point of view, the fermion-parity symmetry
group Z5P imposes a Z,-graded structure of the Hilbert space that is nothing but the
implementation of the Pauli principle through the antisymmetrization of all many-body states
in the fermionic many-body Fock space. It is then very natural to generalize this Z,-graded
structure of the Hilbert space to a Zy-graded structure. This is achieved by demanding that
each site j = 1,..., L hosts the pair {; and 7; of parafermion operators. All 2L parafermion
operators differ from Majorana operators in that (i) it is their N-th power that is the identity,
(ii) their adjoint is their (N — 1)-th power, and (iii) they pick up either one of the two phases

wy = exp(+i27/N) (1.19)

or
wiy = exp(—i2n/N) (1.20)

when exchanged. When N = 2, we recover the Clifford algebra of 2L Majorana operators, but
when N > 2 the mathematics and the physics is enriched. As a set, Z; is linearly ordered,
but this linear order is not compatible with the Abelian group structure of Z,. For Z,, this
incompatibility is algebraically harmless because the nontrivial exchange phase is real and
orientation-blind,

Wy = wh = —1, (1.21)

and thus unique. For N > 2, the cyclic structure
L, wy, - whl (1.22)

generates complex, orientation-sensitive phases, making the absence of ordering an intrinsic
and unavoidable feature of parafermionic algebras when N > 2. Once the protecting on-site
symmetry is enlarged from fermion parity Z5 to a parafermion charge symmetry ZRF with
N > 2, the corresponding boundary obstructions can no longer be realized within a Clifford
algebra. They necessarily require operators whose exchange relations carry a nontrivial Z
phase and whose algebra is sensitive to orientation. Parafermions are precisely the minimal
operators that realize such boundary obstructions. From this viewpoint, replacing Majorana
by parafermion operators is not optional, but forced upon us by the structure of the symmetry
group Z . Hereto, how to marry the symmetry group Z 5 with a symmetry group G differs
when N > 2 compared to N = 2. In the case of N = 2, conservation of fermion parity

14



implies the existence of fermionic superselection rules that state that the full symmetry group
G™P is a central extension of the fermion-parity subgroup Z5F, i.e.,

G =GP /7EP (1.23)

is a group with Z5P belonging to the center of the full symmetry group GFP. In the
case of N > 2, conservation of parafermion charge implies the existence of parafermionic
superselection rules that state that the full symmetry group GFF is an extension of the
parafermion charge subgroup Z?’VF, ie.,

G = GPF 7Rk (1.24)

is a group with Z a normal subgroup of the full symmetry group GPF. Had we postulated
that the operators {; and 7, generate a parafermion algebra on each site j = 1,..., L but
commute on different sites, superselection rules would then not be required. If so, the
relationship between the bosonic symmetry group Z]BVO and the full symmetry group GB°
implies that

G = GBO/78P (1.25)

is a mere quotient space, i.e., it does not need to be a group. The different ways to embed
the bosonic charge Zy;, the fermion parity Z,, and the parafermion charge Z 5 in the full
symmetry group is the reason why the classifications of bosonic, fermionic, and parafermionic
IT and SPT phases are different. The bosonic classification is contained in the fermionic one,
while the fermionic classification is contained in the parafermionic one.”

History of parafermions From a physics point of view, parafermions first appeared in
the study of one-dimensional quantum many-body systems as nonlocal but algebraically
elementary degrees of freedom that naturally encode order and disorder. Their origin can
be traced back to the seminal work of Kadanoff and Fradkin in the early 1980s on the Z,
generalization of the quantum Ising chain [33].

In that context, parafermions arise through a nonlocal transformation generalizing the
Jordan-Wigner transformation [34]. While the Jordan-Wigner transformation maps spin-1,/2
operators in a one-dimensional chain to fermionic creation and annihilation operators, the
Fradkin-Kadanoff transformation maps Z y-clock variables to operators obeying parafermionic
exchange relations [33]. Crucially, this construction relies on the linear ordering of sites in
one dimension and produces operators whose nontrivial commutation relations are entirely
encoded in string operators extending along the chain. In this sense, parafermions are
intrinsically tied to one-dimensional geometry and do not admit a purely local realization in
higher dimensions.

The physical role of parafermions is to unify order and disorder degrees of freedom
within a single algebraic framework. In the Zp-clock model, local order parameters and
nonlocal disorder operators are related by duality transformations, and parafermions naturally
interpolate between them. This mirrors the role played by Majorana fermions in the Ising
chain, where unpaired Majorana operators at the boundary signal a topologically nontrivial

9Bosons can always be thought of as bound states of fermions. When base space is one-dimensional,
fermions can be thought of as bound states of parafermions.
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phase. Parafermions generalize this phenomenon to Z -symmetric systems, where boundary
zero modes carry fractionalized quantum numbers and obey exchange relations characterized
by N-th roots of unity:.

From the many-body perspective of the 21st century, one-dimensional parafermionic
Hamiltonians have two interpretations [35]. On the one hand, they can be thought of as an
emergent description of a one-dimensional interface separating two distinct two-dimensional
gapped phases, one of which supports non-Abelian topological order. On the other hand,
they can be thought of as stand alone one-dimensional lattice Hamiltonians. In either case,
the question arises whether these parafermionic Hamiltonians realize one-dimensional IT or
SPT phases [35-46]. In this perspective, parafermions occupy a role in Z y-symmetric one-
dimensional many-body physics that is directly analogous to the role of Majorana fermions
in Z,-symmetric systems. They are not introduced by hand, but are forced upon us by
the simultaneous requirements of locality, symmetry, and the existence of nontrivial gapped
phases with protected boundary structure. This historical and physical perspective motivates
their use as natural boundary degrees of freedom in a classification theory of one-dimensional
parafermionic I'T and SPT phases.

Outline of the thesis This thesis is organized as follows.

Chapter 1 introduces invertible topological (IT) and symmetry-protected topological
(SPT) phases in one-dimensional systems, reviews their historical development for bosonic
and fermionic degrees of freedom, and motivates the study of parafermions as natural
boundary degrees of freedom beyond Majorana fermions. It also summarizes the physical
and mathematical goals of the thesis.

Chapter 2 develops the algebraic foundations of parafermions. We define the parafermion
algebra, analyze its internal structure, compute its center, and characterize the existence and
uniqueness of global parafermion charge operators. A qualitative distinction between even
and odd numbers of parafermion generators is established and will play a central role in later
chapters.

Chapter 3 specializes the discussion to parafermion algebras with an even number
of generators. Local and global parafermion charge operators are constructed explicitly,
a canonical Zy-graded basis of the Hilbert space is introduced, and both canonical and
generalized charge conjugation symmetries are analyzed. The number-theoretic constraints
underlying admissible charge conjugations are derived.

Chapter 4 formulates the framework for invertible and symmetry-protected topological
phases for one-dimensional parafermion chains. We introduce the class of Hamiltonians under
consideration, discuss boundary conditions and boundary zero modes, and motivate the
structure of the protecting symmetry group as a group extension of the parafermion charge
symmetry. The distinction between linear bulk representations and projective boundary
representations of the symmetry group is established.

Chapter 5 contains the main classification results of the thesis. The classification of
parafermionic SPT phases is reduced to the classification of projective representations of
the protecting symmetry group on the boundary. Even and odd numbers of boundary
parafermions are treated separately, leading to distinct cohomological classification schemes
and a complete parametrization of equivalence classes of parafermionic SPT phases within
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the stated assumptions.

Chapter 6 summarizes the main results and discusses possible extensions and open
questions, including generalizations to other symmetry settings and connections to higher-
dimensional systems.

The appendices collect background material and technical results used throughout the
thesis. Appendix A reviews arithmetic over integer modulo rings. Appendix B summarizes
group cohomology with an emphasis on low-degree cochains and cocycles. Appendix
C reviews group extensions and their classification. Appendix D discusses projective
representations and their equivalence.
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Chapter 2

Parafermions and their algebra

2.1 Introduction

This chapter develops the algebraic framework for parafermions, which generalize Majorana
operators by replacing the usual Z,-grading with a Z, structure. Building on this idea, we
define the parafermion algebra P7%; as a noncommutative algebra generated by operators
obeying generalized exchange relations, and establish its interpretation as a twisted version
of the group algebra of (Z/NZ)™.

We then analyze the internal structure of this algebra. In particular, we characterize its
center by reducing the commutation constraints to a system of linear equations over the
integer modulo N ring Z/NZ, and solve these explicitly, revealing a qualitative distinction
between even and odd numbers of generators. This dichotomy plays a central role in the
subsequent construction of global parafermion charges.

Finally, we introduce the notion of a global parafermion charge and derive necessary
and sufficient conditions for its existence. We show that such charges exist precisely when
the number of parafermions is even, and study their uniqueness properties, including how
they can be recovered in extended algebras when this condition fails. Together, these results
provide a structural understanding of parafermion algebras that will be essential for their
application in later chapters.

We define in Section 2.2 the abstract parafermion algebra P’ and derive some elementary
properties. In Section 2.3 we compute the centers of the parafermion algebra Z(P7}).
We conclude with Section 2.4, where we define global parafermion charge operators and
characterize their existence.

2.2 Definition of the parafermion algebra 77

Let m and N be a pair of non-vanishing positive integers. Let

2mi

wN = e N (2.1&)
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denote the complex-valued N-th root of unity. Let

+1, x>0,
sen(@) =4 0, =0, (2.1b)
—1, x<O.
denote the sign function.
Definition 1 (Parafermions and their algebra). Given are m linear operators (vq, ..., %,,)
and their adjoints (fyif, ,fy,Tn) acting on the Hilbert space $) with the properties
W =1, (2:2a)
Vi Vi = stx}gn(z K Yir Vi (2.2b)
7= (2:2¢)
for i,4" = 1,...,m. The algebra P7%; is the N"-dimensional vector space over the field of
complex numbers
N = spang {fyfl %knm kyy.ovk,, =0,1,...,N — 1} (2.2d)

equipped with the bilinear product defined through Eq. (2.2b). Each one of the m operators
(V15 sV 1s called a parafermion and the algebra P73} denotes the parafermion algebra
generated by m parafermions of order V.

Remark 1 (Parafermions via integer modulo N rings). Equation (2.2a) implies that each
parafermion operator is of order N. Correspondingly, we can interpret the exponent k, of
the operators 7, entering the basis element vf b 75,{" as an element of the ring of integers

modulo N, i.e.,
Z/N7 ={0,1,...,N — 1}, (2.3)

and we can identify the basis element vf b vf,{” with the element
kT = (ky,....,k,,)€(Z/NZ)™. (2.4)

The dimensionality N™ of P!, when interpreted as a vector space over the field C, is then
that of (Z/NZ)™. A review of the arithmetics of integers modulo N and the ring Z/NZ is
presented in Appendix A.

Remark 2 (Formal constructions of parafermionic algebras). Equation (2.2b) implies that
changing the order of two consecutive parafermion operators 7, and ;. in a product introduces
a U(1)-valued multiplicative phase factor that depends on their relative position i’ —i, instead
of the multiplicative phase factor 41 produced by ordinary commutation or anticommutation.
As P is not just a vector space, but is also equipped with the bilinear product corresponding
to operator multiplication, the product of two arbitrary elements corresponding to the
m-tuples k,1 € (Z/NZ)™ obey

vE At ok, (2.5a)
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where we have introduced the short-hand notation

k k l l
,yki = ,yll e ,y’n{n7 'Yl = 711 ces fY’nran’ (25b)

Such a product thus realizes the standard group addition multiplication in (Z/NZ)™, provided
we ignore the U(1)-valued proportionality factor occurring when reordering the parafermions
to bring the left-hand side to the right-hand side of Eq. (2.5a). Thus, P%} is a so-called
twisted group algebra of (Z/NZ)™ over the field C [47]. Tt will turn out to be useful to view
the elements of the parafermion algebra as polynomials over the m variables {~,}/,, whence

we write
m

=ClYes Yar s Vom)- (2.6)

Formally, the right-hand-side of Eq. (2.6) may be constructed as a multivariate skew poly-
nomial ring [48] quotiented by the ideal generated by the terms {y»¥ — 1}, due to the
parafermions being of order N.

Remark 3. Equation (2.2¢) implies that each parafermion is a unitary operator acting on the
Hilbert space $).

Example 1 (Majorana algebra, N = 2, m > 1). Consider the parafermion algebra PJ'=!.
Since w, = —1, it follows that the parafermionic operators anticommute pairwise. As they
are unitary operators of order 2, they also are Hermitian operators. Parafermion operators of
order two are called Majorana operators and the algebra ?;”21 they generate coincides with
the Clifford algebra CL,,, ;. Whenever, m is even, the Majorana operators can be arranged
into m/2 ordered pairs. Each ordered pair of Majorana operators defines a pair of creation
and annihilation fermion operators. These m/2 pairs of creation and annihilation operators
generate a 2™/2-dimensional fermionic Fock space [31].

Example 2 (Clock algebra, N > 2, m = 2). Consider the parafermion algebra .7’?\]22. This
algebra can be explicitly represented by the pair of matrices

1 0 0 0 00 0 1
0 wy O 0 10 0 0

=10 0 w% « 0 |, ~4=]|010 0 (2.7)
00 0 - Wit 00 10

The matrix 7, is diagonal with N distinct eigenvalues. The matrix -, is off-diagonal in such
a way that it maps the n-th eigenstate of v, to the (n + 1)-th eigenstate of v, in a cyclic
fashion. Hence, the parafermionic algebra P%; realizes the algebra of a pair of order-N clock
operators, see Ref. [39] for a study of symmetry protected topological phases in bosonic clock
models.

Remark 4. Parafermions can be thought of as generalizations of either fermions from the
point of view of Example 1 or clock models from the point of view of Example 2.
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Lemma 1 (Exchange of two basis elements from P%}). Given is the parafermionic algebra
PR with N > 2 and m > 1. For any two basis elements

yE = A kT = (ky,....k, ) e (Z/NZ)™, (2.8a)
A= bl " =(,...,1,) e (Z/NO)™, (2.8b)

of P%;, we have the exchange relation

L - wjl\}(k,l) Ak B(k,1) := Z sgn(j — i) k; ;. (2.8¢)
,5=1

Proof. Repeated application of Eq. (2.2b). ]

Example 3 (Exchange with individual parafermions). Lemma 1 applied to the case

ll :"':lj—l :O7 lj:l’ lj+l ::lm:O’ (29)
simplifies to
¢, (k) G o
ol Vi =WN Y v, ¢;(k) = ngn(] — i) k;. (2.10)
=1

2.3 The centers of parafermionic algebras

Definition 2 (Center Z (P73}) of PR}). The center Z (P7}) of the parafermionic algebra P73}
is the subalgebra consisting of all elements of P’ that commute with every element of P7;.

The center 2 (P7}}) is a nonempty set as the identity
1 =40, 0=(0,...,0) e (Z/Nz2)™, (2.11)

commutes with all elements of P, For any k € (Z/NZ)™\ {0}, the basis element v* of P7
when interpreted as a vector space belongs to the center Z (P%}) if and only if ~* commutes
with all parafermions v, with j = 1,...,m. By Example 3, this means that & must fulfill
the set of equations

m

0,(k)=> sgn(j—i)k; =0€ Z/NZ,  Vj=1,..,m. (2.12)

=1

This is a system of m linear equations in m variables over the ring Z/NZ. It is equivalent to
the m congruences

o,(k) = sgn(j—i)k; =0 mod N,  Vj=1,..,m. (2.13)

=1

We have thus proved the following lemma.
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Lemma 2 (Condition for v* € 2 (P7)). Given are the parafermionic algebra P73 with
N>2andm>1and k € (Z/NZ)™. The basis element

V= () (2.14a)
belongs to the center Z (P};) of the parafermion algebra P7%} if and only if
Ay k=0, 0=(0,..,0)T, (2.14Db)

where A,y when m > 1 is the Z/NZ-valued matrix

0O —1 —1 —1 - —1
1 0 —-1 —1 - —1
11 0 -1 - -1
Amy=11 1 1 o . _1]| € Matmm(Z/NZ) (2.14c)
1 1 1 1 - 0
and A,,) when m =1 is the matrix
Ay =0€Z/NZ. (2.14d)

Remark 5 (Tournament matrix). As a warmup, let us interpret the matrix A, defined in
Eq. (2.14c) as having entries over the standard (algebraic) field R. The matrix A, is then
an example of a tournament matrix. As such it obeys

det(A,,)) =0 <= m is odd, (2.15a)
and
_ 0, if m is even,
dim (ker (A(m)> > = {17 it m is odd, (2.15b)
see [49].

While it is tempting to solve Eq. (2.14b) by linear algebraic means (as is done in Remark
5), special care must be taken due to the fact that the variables and coefficients take values in
the integer modulo N ring Z/NZ. As a ring, Z/NZ has less structure than a field (not to be
confused with a scalar or vector field, cf. Appendix A for definitions). In fact, Z/NZ is a field
if and only if NV is a prime number. For example, for N = 8, one has 2-4 = 8 = 0 mod 4, i.e.,
there are two non-zero elements in Z/47 whose product is 0. These are called zero-divisors
and do not exist in fields. Moreover, recall that a ring is a set with an Abelian group structure
(e.g., addition) combined with a monoidal structure (e.g., multiplication), such that both
operations are compatible (e.g., distributive). Monoidal means that we have an associative
product with an identity element (the multiplicative unit 1), but potentially lacking inverse
elements. In simpler terms, “division” may be ill-defined, which in turn means that techniques
from linear algebra such as Gaussian elimination may fail.

For this reason, we opt to compute the center by using elementary means that avoid
division in Z/NZ. As is the case for the simpler case of Remark 5, the center will only depend
on the parity of the number of parafermion operators m and, in particular, is independent of
the parafermion order N.
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Proposition 1 (Construction of 2 (P) C P). Given is the parafermion algebra P73} with
m >1and N > 2. If m > 1 is even, then the center is one-dimensional,

Z(PR) = spang {1}. (2.16a)
If m > 1 is odd, then the center is N-dimensional,
m 1
Z(PR) =spang {H ¥
i=1

= span. {1,Y,v2 ..., YyN-11 (2.16b)

k= (s,—s,..,8—8,5), s€ Z/NZ}

where

m2—1
Y= Ay () (Y2 Wh1) = An (H Yaj1 %L-) Vim (2.16¢)
j=1
is the order-V generator of the center. Here, the multiplicative normalization factor Ay € C
is chosen such that
YN=YYT =1. (2.16d)
If m =1, then
Z(Py) = Py = span {1, 7} . (2.16e)

Proof. We prove the statement by induction over m > 1. Note that we must consider the
even and odd cases separately. By Lemma 2, it suffices to compute the kernels of A(m). The
elements of the kernel can then be identified with the parafermionic operators spanning the
center of the algebra. We will do so by Gaussian elimination.

Base cases m =1 and m =2 For m = 1, we have

and one sees directly that
For m = 2 one has,
0 —1
and one may directly compute
ker(A ) = {(0,0)T}. (2.20)

Induction over m Suppose the statement holds for m > 3 (regardless whether even or
odd). We compute the kernel of the matrix

A1) € Mati 1) (my1) (Z/NZ). (2.:21)
To perform Gaussian elimination, we may write the matrix equation

A k=0, 0" € (z/Nz)"*! (2.22)
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in its augmented form

"0

1

—1

R )

1

—1
—1
0
1

1

—1

—1

—1
0

1

o oo

0

(2.23a)

Recall that we may now interchange two rows, multiply a row by a non-zero scalar, or add a
scalar multiple of one row to another. Note that we may not necessarily be able to divide a

row by a scalar, as the multiplicative inverse need not exist in Z/NZ.

We begin by multiplying the second row by —1 (i.e., the additive inverse of the multi-

plicative unit 1), before interchanging it with the first row. This yields

—1
0
1
1

1

0

—1

1
1

1

1

—1

0
1

1

1
—1
—1

0

Adding the second row to the first then gives

—1
0
1
1

1

—1
—1

1
1

1

0

—1

0
1

1

0
—1
—1

0

1

1
—1
—1
—1

o o o O

(2.23b)

(2.23¢)

We may now iteratively add the first row to all the rows below the second one. This leads to

Observe that the lower-right m —1 by m — 1 square matrix is nothing but A4,

[ —1

0
0
0

0

—1
—1
0
0

0

0
—1
0
1

1

0
—1
—1

0

1

de-augmented matrix may now be written as

0
—1
—1
—1

0

0
0

0
0

0

m—1
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0 —1|-1 1 1
0 0

0 0

P A(m—l)

0 0

(2.23d)

) The

(2.23e)



This is to say that we are in a position to use our induction hypothesis.
If m + 1 is even, then so is m — 1. Thus, an element k of the kernel is always of the
form

even

Eevon = (2, 9,0, -, 0)T. (2.24)

We deduce from the first row of the augmented matrix (2.23d) that x = —y must hold.
Moreover, the second row implies that y = 0. We conclude that

even

koo, = (0,0,0,,0)7. (2.25)

even

If m 4+ 1 is odd, then so is m — 1. Thus, an element k_;4 of the kernel is always of the
form
kodd = (111, Yy, s, =S, 8, ", 8, =S, S)T, s € Z/NZ (226)

We again deduce from the first row of the augmented matrix (2.23d) that z = —y must hold.
However, the second row now implies that y = —s (due to m — 1 being odd, all pairs of of s
and —s cancel each other out, leaving only —s at the end). We conclude that

kodd = (Sv =S8, 8 7ty 8y =S, S)T, Vs € Z/NZ (227)

]

2.4 Global parafermion charges

Definition 3 (Global parafermion charge). Given is the parafermion algebra P} with the
integers m > 1 and N > 2. A unitary parafermion operator Up]c € P that satisfies

! .
Upf 7j Ugf = WnNYj» Jj=1..,m, (2.28)
is called a global parafermionic charge.

Lemma 3 (Condition for the existence of global parafermion charge). Given is the parafermion
algebra P%; with the integers m > 1 and N > 2. A unitary parafermionic operator of the
form

vk = qfl ey k' € (Z/Nz2)™, (2.29a)

is a global parafermionic charge if and only if
Ay k=1, (2.29b)

where the matrix A, is defined in Lemma 2 and
1=(1,...,1)T. (2.29¢)
Proof. The proof follows from an application of Lemma 1. ]

Proposition 2 (Existence of global parafermion charge). Given is the parafermion algebra
PR with the integers m > 1 and N > 2.
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o If m is an even integer, then

m/2

U= (n9) = (vmavh) = T (v25-175) (2:30)

7=1
is a global parafermion charge.
o If m is an odd integer, then a global parafermion charge does not exist in P7%;.

Proof. We prove the statement by induction over m > 1. We must consider the even and
odd cases separately. By Lemmma 1, we must solve the inhomogeneous matrix equation

T
[Recall that when constructing the center of the parafermion algebra, we where solving for the
kernel of A,,), which is the homogeneous version of Eq. (2.31).] This set of linear equations
is solved by Gaussian elimination.

Base cases m =1 and m =2 For m = 1, we have

There is no Z n-valued solution to
For m = 2, one has
0 —1

One verifies that the unique solution to Eq. (2.31) is

kE=(1,—-1)T. (2.33Db)

Induction over m Suppose that the statement holds for m > 3 (regardless of whether m
is even or odd). We solve

Ay k=1, 1T €(Z/N2)"™"". (2.34)

To perform Gaussian elimination, we write this matrix equation in its augmented form

0 —1 —1 —1 - —1]17
1 0 —1 —1 - —1]1
1 1 0 —1 - —1]1
1 1 1 0 -« —1]1 (2.352)
11 1 1 - 0|1
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We begin by multiplying the second row by —1 before interchanging it with the first row.

This yields

-1 0 1 1 1 | —1 7
o -1 -1 -1 —1] 1
1 1 0 -1 -1 1
1 1 1 0 -1 1 (2.35D)
101 11 01 |
Adding the second row to the first one then gives
-1 -1 0 0 0 [0 7
0O -1 -1 —1 —1]1
1 1 0 -1 —1|1
1 1 1 0 —1]1 (2.35¢)
101 11 01 |

We may now iteratively add the first row to all the rows below the second one. This leads to

S 1 -1 0 0 0 |01

0 —1 —1 —1 -~ —1]1

0 0 0 -1 - —1|1

0 0 1 0 - —1|1 (2:35d)
0 0 1 1 -« 0|1

Observe that the lower-right (m — 1) x (m — 1 + 1) augmented matrix is nothing but the
augmented form of the equation

Ay k=1, 1" € (z/N2)™. (2.35¢)

We are now in a position to use our induction hypothesis.
If m + 1 is even, then so is m — 1. Thus, a solution ké@éﬁ” of Eq. (2.34) is always of the
form -
(kb)) = (2,,1,=1,,1,-1)
m — 1 entries

We deduce from the first row of the augmented matrix (2.35d) that x = —y must hold.
Moreover, the second row implies that —y = 1. We conclude that

(2.36)

.
(kfen”) = (1,-1,1,—1,,1,-1) € (Z/NZ)™*, (2.37)

thereby validating the induction hypothesis.

If m + 1 is odd, then so is m — 1. The system of linear equations corresponding to
the lower m — 1 rows of the augmented matrix (2.35d) are inconsistent by the induction
hypothesis. It follows that the entire system of m + 1 linear equations is also inconsistent.
Thus, there is no possible global parafermion charge operator if m + 1 is odd. [
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Corollary 1 (Recovery of a global parafermion charge for odd m). Given are the odd integer
m > 1 and the integer N > 2. We embed the parafermion algebra

PN = span, {vfl anm ’ kyy....,k, =0,1,....N — 1} (2.38a)

in the extended parafermion algebra

?%jroé = Spanq: {7f1 77131771 PYEOOO ‘ kl? R} kmv koo = 07 ]-7 ey N — ]-} . (238b)
A unitary operator U € 5"%2} satisfies the property
Upf,oofyz' U;fyoo = WN Vis t=1,...,m. (2386)
if and only if
U oo =27,  Z€2(P%) (2.38d)
and
277 =1, (2.38¢)

i.e., Z is unitary.

Proof. (<) Foranyi=1,...,m,

VooV Voo = WN Vi (2.39)

and, as any element Z from the center 2 (P73}) commutes with ~;,
U Ut :Z(T . Zt =7 ( ) Zt = (ZZh) = . (2.40)
pf’ooﬁYz pf,00 Yoo Vi Voo WnYi W Vi WN Y- :
(=) For any k € Z%} and for any k., € Zy define
k ki K,
Vi, = Wi Wi =yt (2.41)

where W, € P, Recall that this set forms a basis of the parafermion algebra P, By
assumption, there exists N™*! complex-valued coefficients Ck_ such that

Upt = Z Z Chokos Viko (2.42a)

kel k. el

Upt U:f - Z Z Choko i, Viko VLTZOO =1, (2.42b)
RAEZT kool o€y

N Voor¥oo

! .
k€2 kol €2y

o0 oo

Compatibility between the condition (2.42b), namely that U, Is unitary, and the condition
(2.42¢), namely that U,s measures the parafermion charge one for the odd-m generators
Yis s Vo, is met if and only if

Vi Vl:rzoo = V}le Wy = Vi VlTloo =WNY; (2.43)
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for all i = 1,...,m. Condition (2.43) becomes

!
wnYs =V % i (2.44)
—wy= W W, i=1,..,m, (2.45)
which is equivalent to
Wy, W =wle™, i=1,...m. (2.46)

By Lemma 1, this is equivalent to the matrix equation over (Z/NZ)™

One may adapt the proof of Proposition 2 by substituting 1 with 1 +{_ in Eq. (2.31),
yielding the conclusion that the (inhomogeneous) system of linear equations (2.47) has a
solution if and only if 1 + [ vanishes as m is odd. Having fixed

I =-—1 (2.48)

=0 (2.49)

According to Proposition 1 the solution of (2.49) implies that ¥/, must belong to the center
of P, ie., Wy =Y for some q; € Z . O

Corollary 2 (Recovery of a unique parafermion charge for odd m). Given are the assumptions
of Corollary 1. Up to a multiplicative phase factor,

YErl  kezy, (2.50a)
is the only unitary operator that satisfies the properties
(Y"“’ylo) Y (Yk'yio>T = Wx Y 1=1,....,m, (2.50Db)

and
(Yo7l ) 7o (YF ) = e (2.50¢)
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Chapter 3

Parafermion algebra with an even
number of generators

3.1 Introduction

In this chapter, we specialize the general theory of parafermion algebras to the case of an
even number of generators, where additional structure emerges. Exploiting the decomposition
of the 2m parafermion operators into two interleaved species, we construct a natural notion
of local and global parafermion charge that generalizes fermionic parity to the Z, setting.
We show that these charge operators are unitary, of finite order, and admit a simultaneous
diagonalization, thereby endowing the Hilbert space with a Z-graded structure. This
grading provides a canonical basis in which the parafermion operators admit explicit matrix
representations, allowing for a concrete realization of the algebra and its action on states.

Building on this structure, we introduce and analyze charge conjugation symmetries
for parafermions. We first define a canonical charge conjugation operator, characterize its
algebraic properties, and show that it generalizes the familiar fermionic case. We then
extend this construction to a family of generalized charge conjugations parameterized by
elements of Z/NZ, determining precisely when these operators are invertible, unitary, and
symmetry-preserving.

Finally, we relate these constructions to number-theoretical properties of Z/NZ, in
particular the solutions of a®> = 1 mod N, which classify physically admissible charge
conjugation symmetries. This provides a complete characterization of parafermionic charge
conjugation in the even-generator case.

We begin in Section 3.2 by restating the defining relations of the parafermion algebra in
terms of two species of parafermion operators. In Section 3.3 these are used to construct
local and global parafermion charges, as well as the accompanying local charge basis of the
Hilbert space. We conclude with Section 3.4, where we define canonical and generalized
charge conjugations and derive the associated physical constraints.
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3.2 Setup

Let m and N be a pair of non-vanishing positive integers. Given is the order-/N parafermion

algebra with an even number of generators (linear operators acting on a Hilbert space)

(V1s e s Vo) and their adjoints (WL ﬁ’;m) obeying the relations

N =1, (3.1a)
Vi Vi = wzsx}gn(i/ii) Yir Vis (3.1b)
=8 (3.1¢)
where
+1, i > 1,
wyi=et N, sgn(i’ —i):=4{ 0, i =41, (3.1d)
—1, i’ <i

In view of the fact that the number 2m of parafermion generators is even, we may introduce
two types (flavors) of parafermion generators. For ¢ € {1,...,2m} with j =[] € {1,...,m},
we thus define

) = {nj, for ¢ = 275 even, (3.1¢)

&, fori=2j5—1 odd.

The even parafermion algebra P37 is the N?™-dimensional vector space over the field of
complex numbers

PrEm = span {1t a2 o e ‘ TqyeesTom = 0,1,..., N —1} (3.1f)

equipped with the bilinear product defined by Egs. (3.1a-3.1c).

3.3 Local and global parafermion charges

When studying fermionic systems, a key physical postulate is the existence and conservation of
fermion parity. Since parafermions generalize fermions, we seek an appropriate generalization
of the fermion parity. The fermion parity is a two-valued attribute. For the algebra P32
(3.1) of even number of parafermions, the parafermion parity takes N distinct values that we
shall call the parafermion charges.

We take advantage through Eq. (3.1e) of the existence of an even number 2m of generators
of the parafermion algebra P3".

Definition 4 (Local and global parafermion charge operators). Given is the even parafermion
algebra %™ (3.1). There are m local parafermion charges

Sy (e P :
Upf,j = WN Yajo1 Vo5 =Wno &7 j=1,...,m. (3.2a)
There is the global parafermion charge
m
Upf = H Upf,j' (32b)
j=1
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Example 4 (Fermion parity). When N = 2, the operator U is nothing but the fermion
parity in term of Majoranas [31].

Remark 6. We will show that the above definition is in fact unique (up to phase factors).
Moreover, we prove that when m is odd, there exists no operator realizing global parafermion
charge.

The following lemma shows that Definition 4 is the generalization of fermion parity. In
particular, we are going to construct a basis of a global Hilbert space of dimension N with
a Z y-graded structure on which the 2m generators of the parafermion algebra P37 act.

Proposition 3 (Properties of parafermion charge and Hilbert space grading). Given are the
even parafermion algebra P37 (3.1), the local parafermion charges (3.2a), and the global
parafermion charge (3.2b). We then have the following properties.

1. All m local parafermion charges are of order N,

Uk, =1, j=1..,m. (3.3a)

2. All local parafermion charges are unitary,

t __ 7r—1 _ 77N— .
Up; = Uty =UNGY  G=1..m. (3.3b)
3. Conjugation of the parafermion ~; with ¢ = 1,...,2m by the local parafermion charge

Upt with 7 =1,...,m gives

wnY;, ifi=25—1,7,
U, ~ Ul =N 3.3c
pfj ViVt {%, else. (3:3¢)

4. All m local parafermion charges commute pairwise,

U

pf,7° Pf,j/] = 07 j?j/ =1.. , M. (33d)

5. There exists a complete and orthonormal basis of $ = CN™

CN™ = span{\k:% keZy

(klk') = Sp g koK €27, 1= !k><k!} (3-3¢)

kezyy
with the N"-dimensional representation of the algebra (3.3a)-(3.3d) given by

Uy, k) =wi k), j=1,...m, keZy. (3.30)

pf,J
6. The global parafermion charge is of order N and unitary,

Ule=Uyt = UYL (3.3g)
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7. The eigenvalues of U in the basis (3.3e) and (3.3f) are given by
Uglk) =™ ™ k),  keZy. (3.3h)

8. The global Hilbert space £ = CN¥™ has the Z graded structure,

N

9= q@)ﬁ"}w%' (3.3i)
9. Conjugation of the parafermion v; with ¢ = 1,...,2m by the global parafermion charge
U, gives
Upe Vi Ugf = Wx Y- (3.3))
Proof. The identities
N —1)N
UUV. ) »
AB=qBA, 0 7& geC = (AB)N — q—(1+-~~+N—1) AN BN — q—(N—l)N/Q ANBN,
(3.5)
_ N N—1)N/2
A =&, B—>77JT., q— wyt = (AB)N — (fjn;) :wg\, N/ ENpt N, (3.6)
N+1)N (N—1)N
2 2
deliver Eq. (3.3a). The first equality in Eq. (3.3b) is a consequence of the
T _ T Ty — N— N-1 _ -
Ui Upty = (,6)) (&) =m; (71 g)m " =1, j=1..m (38

The second equality in Eq. (3.3b) is a consequence of Eq. (3.3a). Equation (3.3d) is a
consequence of

Up Upty = ™ (&) (&5 m)y)
=Wy (&) (& ™)
=W ) W AT (e ) (g
=3 (&) ) (g
=W (&) (&)
— Uy, Uy, (3.9)
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for 1 < j < j° <m. To prove Eq. (3.3¢c), do

Uptj i U;f,j - (723‘—1 7%) i (%y‘ 753'71)
= (Y951 725 ) i (v2572741)
( (72%1 ’YEjl) V2j-1 (72]' 75j£1> ifti=25—1

= 9 (723'71 751) Voj (723' 75j£1> if i =2j
((V25-172) (V25 72501) i else
(W Yo fi=2j—1

= WN V2 ifi =2j (3.10)
LY else

for j=1,...,m and i = 1,...,2m. Equations (3.3e) and (3.3f) follow from Eqgs. (3.3a)-(3.3d):

e The fact that the local parafermion charge is of order N and unitary implies that the
local parafermion charge has N (not necessarily distinct) eigenvalues that are N-th
roots of unity.

» Equation (3.3c) implies that these eigenvalues are necessarily distinct.

o The fact (3.3d) that the local parafermion charges all commute pairwise implies that
they can all be diagonalized simultaneously.

Properties (3.3g)-(3.3j) are inherited from Eqs. (3.3a)-(3.3f).
O

Definition 5 (Local charge basis). The basis defined by Egs. (3.3e) and (3.3f) is called the
Z n-graded parafermion charge basis.

We give an explicit construction of the local charge basis (3.3¢) and compute the respective
representation of the parafermion operators.

Lemma 4 (Representation and action of parafermion charge operators). Given are the
even parafermion algebra P37 (3.1), the local parafermion charges (3.2a), and the global
parafermion charge (3.2b). The Z y-graded parafermion charge basis (3.3e) and (3.3f) can
then be realized by the (not unique) choice

kl km
k) =" ™ [0), (3.11a)
where the state |0) = |0) is a normalized solution to the eigenvalue problem
Up;100=10),  j=1,....,m. (3.11b)

Define the not necessarily integer constant

(3.12a)

_N+1 {Z, for N odd,
2

Syi=—
N Z—i—%, for N even.
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The actions of the parafermionic operators on these states are

—kqy—

k4
77] ‘kIJ"'7kj7“‘7km> = CUN 7 ‘k17"'7kj+17 ...,km>, (312b)
€j ‘kla 7kj7 ey km> = w;SN+kj CU&klimikjil ‘k’l, ceey ]{?] + ]., ceey km> 5 (312C)
or, equivalently,
n; \kyy-y ks s k), fori =27 even,
’Y’L ‘kl""7kj7"'7km> = { J | 1 J > . i
§; |k1, ey Ky e km> , fori=25—1 odd,
I WN?WI:I [y, ki + 1, k), 0= 25 even,
W N T T ke kL k), = 2j— 1 odd,
(3.12d)
We have the representations
—ky——k; 4
=y Wy hps o by 1, k) (R kg e (3.13a)
keZy
+Sntk;  —ky——kj_
§J: (,{)N N Nl ! ‘kl’ ,k3+17 7km> <k17 7kj’ ..,km‘, (313b)
keZ%;
the representations
kot
nj: 3 wh I kg e Ky oo o ) (Ryy e K+ 1 ey
keZ%y
-y W T ek = 1 k) (B By e k|, (314a)
kcZm
—Sn—k; Akytotk;
¢l = wivh ks L T R (o o Sy
keZ7
— w;sN—kj w;kl-ﬁ-...—i—kj—l kps o by =1, k) (R kg e | (3.14b)
kezm
and the representations
n —n(ky++k; )
=Y Wiy hys oo by, e k) (K ke K|
keZ7
(3.14c)
n +n(Sy+k;)+n(n—1)/2 —n(ki+-+k;_q)
€J = Z wN( N ) wN 1 ‘]{;17.71{:1_'—77/’ ,km> <k177k]7 ..7km‘.
kez?y
(3.14d)

36



Proof. We do the manipulations

Upf,j k) :Upf,j (77];1 "‘77? "‘777]3{”> |0)

pf.J <77]1€1 ey 777]31") Upts Vst

= :(Upf,j M Ukes) = (Upeg 3 Ugf,]) < (Upt gt U;f,j)] Ut 10)

— (Ut e Ugf,a)kl < Uyt U:f,a)kj  (Upt j Ugf,j>km} Upt,; 10)

— :<77m>k1 e (wnm; ) (nm>km] U ,10)

ki (. ks k; Ky, -
=Wy (771 1T Nhm ) Upf,j |0), Jj=1...,m. (3.15)

—U 10)

We made use of Eq. (3.3c) to reach the penultimate equality. With the help of Eq. (3.11b),
we conclude that

U, k) =wid k), j=1,...m. (3.16)

pf.J

The first action (3.13b) is computed by passing n; through the string of parafermions
(171 --m;_1)- The second action (3.12c) can be verified by first computing the action &;[0)
using the orthonormality of the basis (3.11a). Equations (3.13a) and (3.13b) follow from Eq.
(3.12b) and (3.12c¢), respectively. The additional multiplicative phase factor

wjvkj (3.17a)

present on the right-hand side of Eq. (3.12¢) compared to (3.12b) is needed to enforce the
condition

)\<

z = Wy, (3.17b)

where the C numbers A_ and A_ of magnitude one are defined by
ity sk by b)) = A kg, ok + 1,0k + 1,00 L), (3.17¢)
nj/ 6_7 |]’€17 7kj7 eey kj/, 7lm> — )\> |]’{:17 ,k] + ]_7 eey k]/ + ]_’ ooy lm>, (317(1)

respectively (without loss of generality j < j'). The additional multiplicative phase factor
Wi (3.18a)

present on the right-hand side of Eq. (3.12¢) compared to (3.12b) is needed to enforce the
condition

s k;
Wy € 77;[ k) = wy |k), (3.18b)
owing to the identity
N+1 N-1

which implies =Sy = Sy —1 mod N.
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We prove by induction on n € N that

k) = T e 4 Ry
Base case. For n =1, Eq. (3.12b) gives
—(ky otk
n; k) =wy 1|l<:1,..., ki1, k),

so Eq. (3.19) with n = 1 holds.
Inductive step. Assume that Eq. (3.19) holds for n. Then

:Uj<WN n(ky+-+k; ) |y, ooy by + ,,.,k:m>>
:w&n(kﬁ.,.%rl)w]v(kﬁ +kj 1) ky ook +m+ 1,0 k)

— R k).

This is precisely Eq. (3.19) with n + 1, completing the induction.
We prove by induction that

n(Sy+k)+2% 2 —n(ky 4otk
k) =wy "7 7wy 5-1) Ky b1y k)

Base case. For n =1, Eq. (3.12¢) gives

R P R
& 1k) = w1 k),

which agrees with Eq. (3.22) for n = 1.
Inductive step. Assume that Eq. (3.22) holds for n. Then

£n+1|k (§n|k )

SN+k> +2 D (kg etk )
=& (w Wy Tk ki+n, .. k)
n<sN+k.)+@ n(ky -tk 1)
:(,L)N 7 CUN I g |k:1,..., J+n ...7km>.

Using the n = 1 case on the shifted state,

Sn+ki+n  —(k +-+k,

Eilky, sk, k) =wy 7wy i-1) kys sk 41,00k,
we obtain
) n(n-1) . ) _
€ﬂ+1|k> :w?\}(SNﬁLkJ)Jr‘ B} wNn(k1+ +k371)w1*5\'[N+kj+an(k1+ “+kj_q) |]{:1’ ’k.j T4,
. (n+1)n o
:wg\?+1)(SN+kg)+72 wN<n+1)(k1+ +kj; 1) |k, e ky 41 k)

This is precisely Eq. (3.22) with n + 1, completing the induction.
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3.4 Parafermion charge conjugation

A symmetry that is often encountered in physics is that of the charge conjugation. Charge
conjugation is an involution that interchanges particles with their antiparticles. Since
Majoranas operators (fermionic N = 2 case) are self-inverse (they square to identity), charge
conjugation may act only by producing the multiplicative factors +-1. This is not the case for
parafermions with order N > 3, for which

W=t =N £, (3.27)

Parafermions of order N larger than two can realize the operation of charge conjugation in a
way richer than when N = 2.

We will show how charge conjugation can be realized in systems generated by an even
number of parafermions, and that for appropriate N > 8, it is possible to simultaneously
realize different types of charge conjugation.

3.4.1 Canonical charge conjugation

Charge conjugation for fermions or bosons interchange creation and annihilation operators.
By analogy, we seek a linear operation that maps parafermion operators and the local
parafermion charges to their adjoints.

We begin by defining the canonical charge conjugation by demanding that it maps all
states with given parafermion charge k to a state with parafermion charge —k. Such a
transformation exists for any order V.

Definition 6 (Canonical parafermion charge conjugation). Given are the even parafermion
algebra P%™ (3.1), the local and global parafermion charges (3.2a) and (3.2b), respectively,
and the Zy-graded parafermion charge basis (3.3e) and (3.3f). We define the canonical
parafermion charge conjugation operator U, by its action

U, k) =|—k), keZ7. (3.28)

Remark 7. As we will see, the operator (3.28) always realizes charge conjugation. We will
show that whenever N is an odd prime power, U, is the only possible non-trivial charge
conjugation. This justifies the use of the term “canonical”.

The following lemma justifies Definition 6.

Lemma 5 (Transformations under canonical parafermion charge conjugation). Given are
the even parafermion algebra P2 (3.1), the local and global parafermion charges (3.2a)
and (3.2b), respectively, the Z y-graded parafermion charge basis (3.3e) and (3.3f), and the
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parafermion charge conjugation operator (3.28). We then have the identities

= > | = k)(+k], (3.29a)

keZ7
U2 =1, (3.29D)
Ul =U.,, (3.29¢)
Uy Ul =~1  i=1,.. 2m, (3.29d)
U Uy, Ul =U% . j=1..m, (3.29)
U, Uy Ul = UL (3.29f)

Remark 8 (Triviality of U, when N = 2). For N = 2, all 2m parafermion operators and all m
local parafermion charges are Hermitian operators. Hence, any parafermion operator or any
local parafermion charge is invariant under conjugation by U. when N = 2. This is to say
that U, is not realizing the charge conjugation by which fermion creation and annihilation
operators are exchanged. Such an alternative transformation is achieved by imposing the
linear transformation rules §; = +¢; and n; = —n; under which Uy ; - —Up ; if we have
declared that ¢; := &; + in); is an annihilation fermion operator for j =1,...,m when N = 2.

Proof. Equation (3.28) is equivalent to the N™-dimensional representation

=)D WA =D D Sy W=D | =D (3.30)

leZ{Vezyy leZ’ g Vezyy leZyy

owing to the completeness and orthonormality of the Zy-graded parafermion charge basis
(3.3e) and (3.3f). Insertion of Eq. (3.29a) into the left-hand side of Eq. (3.29b) gives

=3 D D= =)0 Y DG (R = ) D=1 (331)

ez ez leZpvezm lezm

In other words, U, is of order 2, i.e., U, is its own inverse. Taking the adjoint of Eq. (3.29a)

gives
Ul = 3 [+ k(K=Y |- D(H| =T, (3.32)
kezyy leZ?y;

upon the relabeling k = —I. Hence,
U, =Ul =U? (3.33)

is simultaneously Hermitian and unitary. In terms of the Cartesian basis {e;}*; of Z™,
may rewrite Eqgs. (3.13a) and (3.13b) as

= e T k) (k. (334
kezn?
+S +k;  —ky——kj;
§ = wy N wy T |k +ej) (K (3.35)
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By taking advantage of the fact that the map k — —k is a bijection on Z%;, we may then do
the manipulations

U.n; Ul = Z Z Z w;\,klfmfkjfl | —D{+l|k+e;) (k| + m)(—m)|

17T mel'y kel

—ky kg

keZ7y

+l1+"'+lj,1
= Wy 1= el
] (3.36)

and
U608 =30 S N oo T ) (K + eg) (K] + m) (—m

leZy melZT} ke

+S +k'] —Ifl_"'_kj,1
= wy " wy |_k_ej><_k|
kezyy
_ w;SN—lj wjvlﬁ...ﬂj,l |l o ej><l|
lezy
:g]T (3.37)
for 7 =1,...,m. To reach the last equality, we made use of the identity
1-N 1—N 1+N
1-Sy=—— = +N—N:+T—N:SN mod N (3.38)

when taking the adjoint of Eq. (3.35). Finally, for any j = 1,...,m we do the manipulations
S
U Uy Ul =U, (wi &n!) UL

=wy (U.&U8) (Un; UJ)T

(3.39)

to prove Eq. (3.29¢). Finally, Eq. (3.29¢) follows from Eq. (3.29¢), unitarity of U_, and the

fact that the Uy ; commute pairwise.
O]

3.4.2 Generalized charge conjugation

We move to the question of realizing more general notions of charge conjugation. Definition
(3.28) of the canonical charge conjugation U, may be interpreted as a stating that every local
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charge characterizing a state is multiplied by —1 (modulo N). Is it possible to define an
analogous operator, where instead of multiplying the local charges by —1, we multiply them
by a generic integer a € Z modulo N7

Before defining such an operator, we restate some key facts on arithmetics modulo integers.

Fact 1 (Integer modulo N arithmetics). Let N be a non-vanishing integer.

1. The set {0,1,...,N — 1} with addition modulo N defines the group Z,, which is
isomorphic to the cyclic group of order N. The additive (i.e., group) inverse of a € Z
is given by

—a=N —a. (3.40a)

2. The set {0,1,..., N — 1} with addition and multiplication modulo N defines the ring
Z/NZ. If there exists for a € Z/NZ an integer b € Z/NZ such that

ab=1 mod N, (3.40b)

we say that a is a unit of the ring Z/NZ. In that case, the multiplicative inverse is

unique and we write a™!.

3. a € Z/NZ is a unit if and only if ged(a, N) =1, i.e., a and N are coprime.

4. If a € Z/NZ is not a unit, then there exists 0 #+ b € Z/NZ such that ab = 0 mod N
(i.e, a is a zero-divisor). In that case, the map x + az for x € Z/NZ is not injective.

5. The multiplication map

my:Z/NZ — 7/NZ

(3.40¢)
T+ ar

is a bijection if and only if @ is a unit.

The multiplication of a vector k € Z7} of integers modulo N with a scalar a € Z/NZ is
to be understood component-wise. More details on the ring Z/NZ of integers modulo N can
be found in Appendix A.

We are now in a position to define a generalized notion of charge conjugation through the
multiplication of integers modulo N.

Definition 7 (Generalized parafermion charge conjugation). Given are the even parafermion
algebra P3™ (3.1), the local and global parafermion charges (3.2a) and (3.2b), respectively,
and the Z y-graded parafermion charge basis (3.3e) and (3.3f). For any

a€Z/NZ (3.41a)
we define the generalized charge conjugation U, by its action

U, |k):=lak), keZT, akeZpn (3.41b)
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Example 5. The choice a = —1 is nothing but the parafermion charge conjugation operator
(3.28),
U.=U_;. (3.42)

We first establish the representation, unitarity, and multiplicativity of the generalized
charge conjugation U, .

Lemma 6 (Properties of generalized parafermion charge conjugation). Given are the even
parafermion algebra 3" (3.1), the local and global parafermion charges (3.2a) and (3.2b),
respectively, the Z y-graded parafermion charge basis (3.3e) and (3.3f), and the integers

0+#a,bceZ/NZ (3.43a)

with
ak,bk,ak c 7% (3.43b)

for any k € Z%;. We then have the identities

Uy= Y lak)(k|, (3.44a)

keZ7y;
Ul =" |k){akl, (3.44b)
ke
U, Ul =" lak)(akl, (3.44c)
kezyy
Ug Ua = Z 5ak,al |k><l|7 (344(1)
klezt
Ua Ub = Uab’ (344@)
(Ua Ub) Uc = Ua <Ub Uc) (344f)

Proof. Equation (3.44a) is a consequence of the completeness and orthonormality of the Z -
graded parafermion charge basis. Equation (3.44b) is the definition of the adjoint. Equations
(3.44c¢) and (3.44d) are consequences of the orthonormality of the Z y-graded parafermion
charge basis. Equation (3.44e) is a consequence of

U, Uy= Y, D lak)(kpD(l]

keZ7 ez
= D @b k) (k|
keZy;

:Uab7 a,b,abGZ/NZ. (345)

Equation (3.44f) is a consequence of the associativity of the multiplication of integers modulo

N. ]

Equations (3.44c) and (3.44d) do not imply that U, is unitary whenever the map k - a k
is not a bijection on Z%;. The next lemma characterizes the invertibility of U, and ties it to
its unitarity.
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Lemma 7 (Unitarity of generalized parafermion charge conjugation). Given are the even
parafermion algebra 3" (3.1), the local and global parafermion charges (3.2a) and (3.2b),
respectively, the Z y-graded parafermion charge basis (3.3e) and (3.3f), and the integer

0+a€Z/NZ (3.46a)

with
ak e 7% (3.46b)

for any k € Z%;.

1. The operator U, defined by Eq. (3.41b) is invertible if and only if @ is a unit of Z/NZ.

2. If a is a unit, then U, is unitary with
Ul=u;'=U,_,. (3.47)

3. If a is a unit, then U,’s action (through conjugation) on the parafermions is

U, Ul =% wy ) e ), (3.48)
lezyy
a71 . 70/71 es .
U, & Ul = S wiivre g Ity e, (3.49)
lezyy
for j=1,...,m. Here, e, is the j-th standard basis vector of Z;.

Proof. We start with claim 1.

(<= ) Suppose a is a unit with multiplicative inverse a . By Eq. (3.44e)

U, U, =U,

aa ! T

U, =1. (3.50a)

Thus U, ' = U, _,, which also yields the second statement of the lemma after use Eq. (3.44c).

(=) Suppose a is not a unit, which implies that a is a zero-divisor. Define

0:=(0,...,0) € Z} (3.50b)
and
b:=(b,...,b) € Z7;, (3.50¢)
where
0#b, ab=0 mod N. (3.50d)
By assumption
0#b,  [0)#[b), (3.50e)

but |0) and |b) share the same image,

U, 0) = U, |b) = |0). (3.50f)
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Thus, U, is non-injective, and hence not invertible.
We prove claim 2. According to Eqgs. (3.44¢) and (3.44d), we only need to prove that

U, Ul =" lak)(ak|=1. (3.50g)

keZy;
That this is so follows from the fact that the change of variable
k=a1ll (3.50h)

is a bijection on Z%;, whence we may perform a substitution in the sum.
We prove claim 3. To prove Egs. (3.48) and (3.49) for j = 1, ..., m, we do the manipulations

i, =U,n; U

=3 Y ¥ wn T el Uk + e;) (k| m)(am)|

leZy meZy kel

= > oy a (ki e))Mak]
keZyy
—a (Il .
-3 wy T Iy e Wl (3.50)
lezyy
and
& =U,¢ Ul
+S vtk _kl_“'_k;l
=3 > Y wy T wy aly(lk + e;) (k|m){am)|
leZ; melZy; kel
= w;SNJrkj w&klfwfkj’l la (k+ ej)><a k|
keZ7}
= 3w ) e ), (3.50§)
lezy;
for j =1, ..., m, respectively.

]

In quantum mechanics, symmetries for bosons or fermions are realized by unitary operators
that leave the boson or fermion algebra invariant under conjugation. To interpret U, as a
parafermion symmetry, we thus also demand that U, leaves the parafermion algebra invariant
under conjugation.

Proposition 4 (Algebra-preserving generalized parafermion charge conjugation). Given are
the even parafermion algebra 3™ (3.1), the local and global parafermion charges (3.2a) and
(3.2b), respectively, the Z y-graded parafermion charge basis (3.3¢) and (3.3f), and the integer

a€Z/NZ, ged(a,N)=1, (3.51a)
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so that the operator U, defined by Eq. (3.41b) is unitary. The operator U, leaves the
Z n-graded parafermion algebra P37 (3.1) invariant under conjugation if and only if

a>=1€7Z/NZ, (3.51Db)
i.e., a is its own multiplicative inverse in Z/NZ. This is equivalent to the congruence problem
a?=1 mod N. (3.51c¢)

Proof. According to Eqs. (3.48) and (3.49), conjugation by U, of v, with i = 1,...,2m is
closed in the Z y-graded parafermion algebra (3.1) if and only if a=! = a, in which case

5 =U, 7, Ul =we ¥ 4%, i=1,..,2m, (3.52a)
where
0 if i = 2j
O, = ’ ’ 3.52b
e {(1—a)sN—“(“2‘1>, if i =2j—1. (3.52b)
It follows that
N ] a
A= () = (wn" o) =1 (3.53)
~ o~ 61’, ,a @i/, ,a 2 61'/, ,a 61', ,a ~ ~
Vi Vi = Vs = o wyT T Wl 9 = wy <WN " 75) (WN " 7?) = WNY Vi
(3.53b)
~ @z a T 791 a a 791 a — 761 a N—-1 ~ N—
Al = () =y () =T N w7 (N = AN
(3.53¢)
for 1 <1i < i’ <2m. To reach the last equality of Eq. (3.53¢c), we made use of
7@7, a N-1 7@7, ai(N71)®z a = N— 7N@7, a 2 N— ~ N—
wy " () =wy AN = wy T AN = AN (3.54)
[

We give an example of parafermion algebra P7%; that can accommodate a multiplicity of
parafermion charge conjugations.

Example 6 (Three charge conjugations for order-8 parafermions). Consider parafermions of
order N = 8. One computes

0°=0=0 mod 8§,

12=1=1 mod 8,

22 =4=4 mod 8,
32=9=1 mod 8,
2 (3.55)
4 16 =0 mod 8,
52=25=1 mod 8§,
62=36=0 mod 8,
72=49=1 mod 8.



Thus, the multiplicatively self-inverse elements of 7Z /87 are {1,3,5,7}. By Proposition 4,
the physically valid (non-trivial) operators realizing charge conjugation of order-8 parafermions
are

Us, U, U-. (3.56)

Since 3 -5 = 15 = 7 mod 8, we deduce that the above operators realize the group structure
of the Klein group, namely

(Us, Us, Up) 27y X 2. (3.57)
We close with the solutions to a? = 1 mod N for generic integers N > 2.

Fact 2 (Number of multiplicative self-inverses modulo N). Let N > 2 be an integer. Let
a € Z/NZ be a solution to the congruence equation

a?>=1 mod N. (3.58a)
1. If N is an odd prime power (N = p” for p > 3 a prime number, r > 1 an integer), then

a=+1. (3.58b)
2. If N is a power of 2, then

1, if N =2,
41, if N =4, (3.58¢)
+1, +(1+2Y), if N=29 r>3.

S
Il

3. For general N, the solutions a are deduced from the prime power decomposition of N
via the Chinese remainder theorem (see Theorem 3), Eq. (3.58b), and Eq. (3.58¢).

More details can be found in Appendix A. In particular, the complete solution to the
congruence problem a? = 1 mod N for general N > 1 is presented in Example 14.
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Chapter 4

ITPs and SPTs for parafermions

4.1 Introduction

Chapter 4 develops the framework for classifying invertible and symmetry-protected topo-
logical phases (ITPs and SPTs) for one-dimensional parafermion lattice models, with the
primary goal of motivating the assumptions underlying our approach.

Starting from a concrete lattice realization, we use in Section 4.2 the structure of
the parafermion algebra and its symmetries to justify key requirements such as on-site
factorizability and the presence of a conserved global Z y-valued parafermion charge. These
considerations naturally lead to a description of the protecting symmetries as a general group
extension of the parafermion charge symmetry. Unlike Ref. [31] that assumes that the fermion
parity generates a central subgroup of the group extension, we ask only that the global
parafermion charge generates a normal subgroup of the group extension.

We introduce in Section 4.3 families of local Hamiltonians and motivate assumptions on
locality, symmetry preservation, and the spectral gap by their role in ensuring stable phases
with well-defined boundary behavior, in particular the emergence of parafermionic boundary
zero modes.

Finally, we analyze in Section 4.4 symmetry actions on bulk and boundary operators,
motivating why bulk symmetries act linearly while boundary symmetries are realized projec-
tively, subject to compatibility constraints. In particular, we include in our projective factors
non-scalar operators from the algebra’s center.

Together, these arguments provide a coherent justification for the assumptions used in
the classification of parafermionic SPT phases.

4.2 One-dimensional chain of parafermions with their
symmetries

We begin by describing our one-dimensional base space and accompanying degrees of freedom.
Let L > 1 and N > 2 be two non-vanishing integers. We consider an ordered one-
dimensional lattice

A={1,2,..,20—1, 2L} (4.1a)
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made of an even number 2L of sites. Each site ¢ € A is assigned the order-N parafermion
operator 4, and its adjoint %T and the pair of ordered sets

By s Fp) (4.1b)
and
IR (4.1¢)

obey the relations defined in Eqs. (3.1a)-(3.1c) We may thus assign to the lattice A the
parafermion algebra

~kor,

~. ~ky ~ky
P = spanC{’yl1 Fo? -+ Agi

Ky, iy = 0, 1,...,N—1} (4.1d)

generated by 2L order-N parafermions all sharing the common Hilbert space § as domain of
definition, as studied in Chapter 3. We have placed the symbol~on parafermion operators
and their algebra to emphasize that the chain is treated in its entirety. Upon considering a
single boundary of an open chain, we shall drop the symbol”when referring to the parafermion
operators they host and the algebra they generate.

As there are an even number of sites in the one-dimensional lattice (4.1a) and A is the
disjoint union of the even and odd sites,

A=A UA,, A, ={1,3, ..., 2L — 1}, A, ={2,4, .., 2L}, (4.2a)
we may group pairs of neighboring sites into L unit cells labeled by j = 1,..., L. As shown in
Chapter 3, each unit cell j = 1,..., L carries the local parafermion charge operator

~ Sy ~ -
Upf,j = wy" Y251 7;]' (4.2b)

and we may assign to the lattice A the global parafermion charge

L
H N o1 723 (4.2¢)

J=1

together with the Z y-graded Hilbert space

§A=8pan {|k ‘17 ; )—wN|k: kezy }
(4.2d)
—@span {|k: ‘Upf|k: =wi k), ke Z} }

as the smallest Hilbert space on which the parafermion algebra ﬁ?\,L is realized linearly. !
The global parafermion charge operator (4.2c) is an example of an operator that is on-site
factorizable in a homogeneous way.

"'Whereas the dimensionality of the Hilbert space 9 A is less or equal to that of $ on which the parafermion
operators are defined in Eq. (4.1d), the converse is not true.
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Definition 8 (Operator (homogeneous) on-site factorizability). Any operator W drawn from
the parafermion algebra P3F is on-site factorizable if it can be written as

L
W:HWJZW1WL7 (433)
j=1

whereby the order of the factors Wj is inconsequential as we demand that each pair of factors
commute,

[Wj,Wl} —0, ij=1,..,L (4.3b)
Here,
37 ~koj 1 ~kaj
iV, € span, {7%_1 o2 | kojyskin; = 0,1, , N — 1} . (4.3¢)
If the functional form of Wj is independent of j =1, ..., L, we say that the on-site factoriz-

ability is homogeneous.
Example 7 (Translation is not on-site factorizable). If we identify the chain A with a ring,
A=7,,, (4.4)
then the linear map defined by
Vi 7= Vit i € Ly, (4.5)
is not on-site factorizable.

Remark 9. The set of integers Z is ordered and this ordering is compatible with the addition.
The set Z,; is ordered but this ordering is not compatible with the addition modulo 2L when

2L > 3. When 2L > 3, transformation (4.5) does not leave ﬁ?\,L invariant.

We are particularly interested in operators realizing transformations that leave the
parafermion algebra IP%J unchanged.

Definition 9 (Unitary symmetries). An operator Uis a symmetry if it is unitary, i.e.,
Ut =01, (4.6a)
and the linear map
Ady: PR L,
vreN TN (4.6b)
Ar—UAUt,

leaves the relations (3.1a)-(3.1c) invariant.

Example 8 (Parafermion charge-conjugation symmetry). The canonical parafermion charge
conjugation U, that is defined by demanding that

3, — U, 5,00 =51, i=1,..,2L, (4.7)

generates a symmetry group of order two and is on-site factorizable according to Lemma 5.
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Example 9 (Parafermion charge symmetry). Conjugation

~

5o U3 U=y, i=1,..,2L, (4.8)

by the global parafermion charge (4.2c) generates a symmetry group of order N and is on-site
factorizable according to Lemma 3. We denote this symmetry group by Z&F .

Example 10 (Cyclic permutation composed with local charge conjugation). The linear map
defined by

N AL B e Fan o Far (4.9)
acts inhomogeneously as it only acts non-trivially on the first site. This transformation does
not leave the parafermion algebra P3L invariant. However, the transformation

e Y T L YT (4.10)
does leave the parafermion algebra f?\f invariant.

Let G3F denote the set of all the transformations that can be represented linearly
by conjugation with unitary operators from the parafermion algebra P3F and leave the

parafermion algebra LADJ?\{‘ invariant. We are going to study a subset GFF of G2F whose
minimal content we now define.

Assumption 1 (Symmetries are on-site factorizable). In this thesis, the protecting symmetries
are always taken to be unitary and on-site factorizable in a homogeneous way.

We postulate that the global parafermion charge symmetry from Example 9 is always present.
In other words, global parafermion charge is a conserved quantity. Moreover, we ask that
the subgroup of symmetries associated to the global parafermion charge is closed under all
symmetry transformations.

Assumption 2 (Parafermion global charge symmetry is a normal subgroup). Let GFF be the
total protecting symmetry group and Z]PVF be the symmetry group associated to conservation
of global parafermion charge. We assume that Z5f is a normal subgroup of GF,

ZRF < GPF. (4.11)

Remark 10. Assumption 2 is a weaker assumption than demanding that the global
parafermion charge is independent from other symmetries, in which case U commutes

with all other symmetries so that ZRF is a central subgroup of GFF,
ZRF < GPF. (4.12)

By Assumption 2, the quotient GFF/ ZPNF forms a group. This allows us to view the
protecting symmetries GFF as a (general) group extension of the quotient GF /ZRF by the
parafermion charge symmetry ZIPVF, see Appendix C. This construction will allow us to
separate the parafermionic structure ZRF from the remaining (generic) symmetries captured
by GPF/ZRF. We cite the relevant results.
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Fact 3 (Group extensions as Cartesian products). Let GFF be a group with Z]P\,F a normal
subgroup. Consider a pair of groups Zy = Z and G = GPF/ZRF. Then G"F is a group
extension of G' by Z,. Moreover, there exists a group isomorphism

GPF~(ZyxG,+), (4.13a)
where the group operation ‘*" is defined as

(21,91) * (22, 92) = (2'1 + pg,(22) +¢(91,92), 1 92) , V(21,91), (22, 92) € Zy X G, (4.13b)

for some group action p(,: G — Aut(Zy) and 2-cocycle ¢ € Z?[G,Z y].

Y

Remark 11. The group composition law ‘*’ is not commutative for a generic group action

Py G — Aut(Zy) since

(21,91) * (22, 92) # (22,92) * (21, 91) V(21,91),(22,92) € Zn X G. (4.14)

Remark 12 (Central and split extensions). When ZRF is central in GPF, we are considering
central extensions. This is equivalent to the group action p being trivial. When GFF can be
written as a semi-direct product Z X G, we talk of split extensions. This is equivalent to
the 2-cocycle ¢ vanishing.

Remark 13. » Consistency with the associativity of groups implies that ¢ is a 2-cocycle,
ie., for all g;,09,95 € G

Pg, (c(92,93)) — c(9192:93) + (915 9293) — (g1, 92) =0 (4.15a)

Moreover,
cle,g) =c(g,e) =c(e,e) =0 forall g e G. (4.15Db)

» Since p is a group action,

p. =1d € Aut(Zy), (4.15¢)
py(0) =0 VgeGa. (4.15d)

Remark 14. The group structure of (Z, x G, +) yields the following interpretations.

1. One verifies that

(21,€) * (22, €) = (21 + 23, €), (4.16a)
(2076) = (1, €)%, (4.16b)
(Z,g>'(20,6>°(2,g)71 = (pg<20),6>. (4'16C)

Equations (4.16) show that the group Z x {e} is isomorphic to Z and normal as a
subgroup of Z, x G. This justifies the identification of the element (1,e) € Zy x G
with the global parafermion charge operator that generates Z{F.
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2. Equation (4.16¢) lets us interpret the group action p as determining the change of the
global parafermion charge operator under symmetry transformations. In fact, as is
shown in Lemma 13, a group action of G on Z, reduces to multiplication by coprimes
modulo N. For all g € G

py(2) =a,-zmod N  forsomea,=1,...,N -1, gecd(a,, N)=1. (4.17)

3. Forall g;,9, € G
(07 91) y (07 92) = (‘3(917 92>7 g1 92). (4'18)

Accordingly, the 2-cocycle ¢ quantifies the extent by which GPF is not a direct product
of ZRF and GPF/ZFRF.

4. (z,9) € Zy x G,
<Z7g) = (’276)'(679)' (4'19)
Identity (4.19) allows to factorize global parafermion parity from the symmetries in
G. We emphasize that the order in the product matters on the right-hand side of Eq.
(4.19) as the composition law ‘~’ need not be commutative.

Remark 15. We distinguish the normal subgroup Z% < GPF from the factor Z 5 appearing in
the Cartesian product Z, x G. While they are isomorphic to one another, they are related
via a non-unique isomorphism G*¥ =7, x G.

4.3 Hamiltonians, boundary conditions, and boundary
algebras

Definition 10 (Definition of ITP or SPT for parafermions). An invertible topological phase
(ITP) without or with symmetry-protected topology (SPT) for parafermions is realized by
continuous families of Hamiltonians satisfying Assumptions 3-5 after the thermodynamic
limit 2L 1 oo at zero temperature has been taken.

Assumption 3 (Necessary conditions for symmetry-protected topology). Given is the pair

of Hamiltonians " -
Hb :HII E??\]L, b=0,1, (4203)

that are distinguished by the boundary conditions they obey (b = 0 selects periodic boundary
conditions, b = 1 selects open boundary conditions). It is assumed that

1. H, b is local in that it obeys the additive decomposition

L—bt
H=>Y VvV, V=V (4.20b)
j=1+b¢
where
Jj+e
‘7} € Spanc{ H (Y921 752") | Top_1sTan = 0,1,..., N —1, } (4.20¢)
n=j—~¢

acts non trivially on an interval centered around j of some prescribed finite range 2/,
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2. I/{\b has the symmetry group GFF, whereby

(a) all elements of GPF are represented linearly by unitary operators from the
parafermion algebra P%L that are on-site factorizable in a homogeneous way,

(b) the global parafermion charge operator ﬁpf commutes with H, , and the group Z]F;,F
it generates is a normal subgroup of GFF,

3. the ground state of ﬁb:o is nondegenerate and gapped.

Question 1. Under Assumption 3, what is the minimal ground-state degeneracy of H,_,

that is robust to local and symmetry-preserving perturbations that do not close the gap of

Answer 1. Any such protected ground-state state degeneracy of H bL_1 Mmust originate from
boundary zero modes such that (i) their wave functions decay exponentially fast away from the

left or right boundaries and (ii) they transform non-trivially under a projective representation
of GPF.

Assumption 4 (Existence of boundary zero modes). An open chain has two boundaries.
We postulate that each one of the two boundaries hosts the integer number m of boundary
zero modes that are responsible for the protected ground-state degeneracy of Hy_;.

Assumption 5 (Boundary parafermion algebra). Furthermore, we postulate that the m
boundary zero modes on one of the two boundaries can be associated to the integer number
m of parafermions (v, ...,7,,) and (7{, ,v;rn) that generate the boundary parafermion
algebra P, whereby we assume that

~ ~

Upffy’i U;f:wN’yzﬁ I = 1,"',77’1,. (422)

Remark 16. The relation between the bulk parafermions (7;,...,7,;) and the boundary

parafermions (74, ...,7,,) depends on H, b- In this thesis, we just assume that such a relation-
ship exists.

4.4 Bulk and boundary representations of the protect-
ing symmetries G"F

We consider realizations of the protecting symmetries that distinguish the bulk from the
boundary. In particular, we allow the boundary realizations to be more relaxed than the

2 We are thus ruling out the scenario by which the boundary zero modes have the larger parafermion
charge ¢; =2,..., N
Uptvi U,,Tf=w}1\}%, t=1,-,m, (4.21)
where (assuming that N is even) g, = N /2 realizes a fermion and g; = N realizes a boson. This situation can
be thought of as the parafermionic version of anyon condensation [50]. Note that the N-th root of identity
q; is of order N if and only if ged(q,;, N) = 1. In this case, the generators of the boundary may still be
interpreted as order- N parafermions.
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global ones. This distinction is naturally captured by the use of linear representations in the
bulk and projective representations at the boundary.

A sharp distinction between the bulk and the boundary is meaningful because of As-
sumption 3. By selecting PBCs, we isolate the bulk. The existence of a gapped ground
state implies the existence of a natural length scale

hv
K(A) = K’

where A is the gap between the ground state and all excited states v is the group velocity of
the continuum of excitations just above the gap A, both defined after the thermodynamic
limit 2L 1 oo has been taken.?

The existence of the length scale £(A) is not tied to the degeneracy of the ground states.
However, if the ground state is nondegenerate, it must necessarily transform trivially under
the protecting symmetry group GFF, i.e., it cannot transform under a non-trivial projective
representation of the symmetry group GFF according to Lemma 8. A necessary condition
for the existence of a nondegenerate gapped ground state is thus that the symmetry GFF be
represented linearly.

(4.23)

Lemma 8 (Nondegeneracy excludes projective symmetry action on the ground state). Let H
be a lattice Hamiltonian with symmetry group G, implemented by unitary operators U(g),
g € G, satistying

U(g)HU(g) ' = H. (4.24)
Assume that, after taking the thermodynamic limit, H has a nondegenerate, gapped ground
state |2}, and that the symmetry G is not spontaneously broken. Then the action of G on the
ground-state space is given by a linear (one-dimensional) representation of G. In particular,
the ground state cannot transform according to a nontrivial projective representation of G.

Proof. Since H is invariant under G, the operators U(g) map ground states to ground states.
By nondegeneracy of the ground state, for each g € G there exists a phase %9 € U(1) such
that

U(g)|Q) = %9 |Q). (4.25a)

Thus, the ground-state space carries a one-dimensional representation of G. Consider two

group elements g, h € GG. On the one hand,
U(g)U(h) |Q) = l09)+0(h) Q). (4.25b)
On the other hand, by the group composition law,
U(gh)|Q) = e?9m) Q). (4.25¢)

Since both expressions represent the action of the same symmetry element g h on the ground-
state space, consistency requires

0(g) +6(h) —0(gh) =0 mod 2. (4.25d)

3The group velocity v can be computed numerically with the following scaling analysis. One fits the
dependence of the energy difference between two consecutive excited states above a ground state on the
number 2L of sites in the ring.
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Hence 6 : G — R/27wZ defines a group homomorphism, and the symmetry acts linearly on
the ground-state subspace. A nontrivial projective representation would require a nontrivial

Schur-multiplier w(g, h) € U(1) such that
U(g)U(h) = w(g,h) U(gh) (4.25¢)

with w(g,h) # 1. Such a factor system cannot be realized on a one-dimensional Hilbert
space, since any phase ambiguity can be absorbed into a redefinition of the operators U(g).
Therefore, the ground state transforms according to a linear representation of G, and no

nontrivial projective representation of G is possible on the ground-state subspace. [
Assumption 3 presumes the existence of a stable ground-state degeneracy when OBCs
are selected that originates from the left and right boundaries of an open chain. The boundary

states have wave functions that decay exponentially fast with the distance ra (a is the lattice
spacing) measured relative to the first or last site of the open chain. This exponential decay

is proportional to the function
ra
_ i 4.26
o (i) 20

This means that (i) the boundary is not to be construed as a single point, but as a region
whose characteristic size is of order ¢(A), and (ii) the ground-state degeneracy of a typical

H, b— is only manifest in the thermodynamic limit, for the degeneracy below the energy gap
A is lifted by energies proportional to

ow (255 ) (1.27)

when the number 2L of sites of the open chain is finite. The stability of this degeneracy
is conditioned by the locality of the Hamiltonians and by the boundary states realizing a
non-trivial projective representation of the symmetry GFF by application of Lemma 8.
The cartoon picture that captures the transition from bulk linear representations to
boundary projective representation relies on the assumption that the symmetries are all
on-site factorizable. This means that for any (z,g9) € Zy x G, the global representation

~

Ulz, g] can be factorized into

~ ~

(Orles gl Uaar g1 )l gl wle, gl bulk Jwlz, glelz, g)f (T, _uale, gl Uy Lz g1).

(4.28a)

where the subscript j in U;[z, g] means that its action is only non-trivial on site j € {1,..., L}
of the chain. This suggests the identifications

UL[Z7g] = W[Z,g] (Ul[za g]Um[Za g]) (428b)

on the left boundary and

Unlz. 9] = w207 (Up_ialz 9] Uplz,9)) (4.28¢)

on the right boundary, where it is the ambiguity in choosing the Schur multiplier w|z, g] (a
unitary that belongs to the center of P%) that delivers the projective representations on the
boundary.
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4.4.1 Linear representations of G'F

Definition 11 (Linear and unitary representation G*F). A linear and unitary representation
of the protecting symmetry group

GPY >~ (Zy x G,») (4.29)
of the chain hosting the parafermion algebra P3F is a group homomorphism

77 . PF D2L
U-G H?N,

~ (4.30a)
(z,9) —U[(z,9)],
that fulfills the identities
Ul(z,9)] {1z} = L. (4.30b)
Ul(0,e)] = 1, (4.30¢)
N[(Z ) (7[<22792>] = ﬁ[(%: 91) * (22, 92)], (4.30d)

fOI‘ all (Zug>7<zl7gl) <Z2792) € GPF

Remark 17 (Short-hand notation for U ). When treating functions whose domain is the
Cartesian product Zy x G, we use the square bracket for their arguments (z,g9) € Zy x G.
We will often drop the parenthesis of elements (z,g) from Z, x G when they appear as
stand-alone arguments, e.g.,

Ul(2,9)] = U[z,gl. (4.31)

We will also use the compact short-hand notation

(U191} =00zg",  {Tlz9)} =Tlzg" (432)

Assumption 6 (Global protecting symmetry is on-site factorizable). We assume that the

protecting symmetry group GFF is realized on the global parafermion algebra ﬁ?\,’: (i) linearly,
(ii) unitarily, and (iii) in a homogeneous on-site factorizable way as in Definition 8.

4.4.2 Projective representations of GFF

Both the dimensionality of the center Z (P%}) of the parafermion algebra P%} and the existence
of a global parafermion charge is tied to the parity of m. In particular, it is imperative
to choose a Hilbert space whose dimensionality is the smallest one so as to accommodate
a representation of the global parafermion charge. Corollary 1 motivates the following
definition.

Definition 12. Define the extended global parafermion algebra

pm if m is even
Ex(Pm):=< N ’ 4.33
X N) {?”Nlti, if m is odd, ( )

where "P%J; is defined in Eq. (2.38b).
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Assumption 7 (Boundary protecting symmetry is projective). We assume that the protecting
symmetry group GFF is realized unitarily and projectively on the extended global parafermion
algebra Ex(P7}).

To refine what we mean by a projective representation, we make the following observation.
Given is a realization V[z, g] € P of an element (z,9) € Zy x G.* Also given is Z[z, g] €
Z(P7) assumed to be unitary. Define

Ulz,g] == Z[z, 9] V2, g]. (4.34)

We then have the identity

Ulz, 97 Ulz glf = (21,0 VIz g]) 7 (212,911 Vi g]')

commutativity < (2, 9] Z[2, ]> (Z 2, 9]T V2, Q]T)
associativiy =V [2, g (Z 2,917 Z g]T> Viz, g]f
commutativiy (% Z[z,9) Z|z g]*) Viz gl
unitarity = V[ g] v Viz g]T (4.35)
where ¢ = 1, ..., m. We have shown that multiplication by central factors of any operator

that realizes a unitary element of GFF leaves the action (by conjugation) of this operator
unchanged. Equation (4.35) motivates the following two definitions.

Definition 13 (Projective representation of GFY). A projective representation of the pro-
tecting symmetry group
GPY >~ (Z x G,») (4.36a)

on a boundary hosting the parafermion algebra P75} is a map

U:GPF — Ex (PR,

(2.9) = Ul(z,9)], (4.365)
such that
Ul(29)]Ul(2,9)" =1, (4.36¢)
Ul(21, 9] Ul(22, 92)] = ®[(21,91), (22, 92)] Ul(21, 91) * (22, 92)], (4.36d)
for all (z,g),(21,91),(29, 95) € GFF. Here, the Schur-multiplier
P : GPF x GPF — 2(Pm) (4.36¢)

is a map ® taking values in the center Z(P3) of the parafermion algebra P73} on the boundary
that is compatible with the associativity of Ex(P73).

4We use the short-hand notations V[(z, g)] = V[z, g] and {V([(z, ¢)]}T = V2, g]'.
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Remark 18 (Short-hand notation for U). When treating functions whose domain is the
Cartesian product Zy x G, we use the square bracket for their arguments (z,g9) € Zy x G.
We will often drop the parenthesis of elements (z,¢g) from Z, x G when they appear as
stand-alone arguments, e.g.,

Ul(z,9)] = Uz, g]. (4.37)
We will also use the compact short-hand notation

{Ulz 9y " =Ulzg]™,  {Ul(z 9]} = ULz gJf. (4.38)

Remark 19. Equation (4.36d) states that projective representations are group homomorphism
up to central factors. The Schur-multipliers ® characterizes the extent to which a projective
representation fails to be a linear one. To be consistent with the associativity of the algebra
PR, the Schur-multiplier ® must be 2-cocycle as defined in Appendix B and D.

We define an equivalence relation on projective representations. Two projective represen-
tations are considered to be equivalent, if they differ only by central factors.

Definition 14 (Projective equivalence). Two projective boundary representations U and U’
GPF are projectively equivalent if there exists a map

O: GPFF — Z(Pm) (4.39a)

that satisfies
U'lz, 9] = ¥[z, 9] Ulz, 4] (4.39b)

for any (z,9) € Zy x G, i.e., it is a 1-cochain,
6 € C1|GF, 2(7y)|. (4.39¢)

Remark 20. © can be thought of as a gauge map.

Fact 4. Definition 14 yields an equivalence relation on the set of projective representations.
One may show that when m is even, a pair projective representations are equivalent if and
only if their Schur-multipliers differ by a 2-coboundary. This leads to a classification of the
equivalence classes of projective representations given by the second group cohomology

H?|GPF, 2(PR)] (4.40)
when m is even.

Remark 21. When m is odd, the Schur-multipliers do not necessarily commute with the
symmetry representations. A twisted version of group cohomology is needed in this case,
which can also be used to study anti-unitary projective representations, see Remark 38 and
Appendix D for more details.
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4.4.3 Compatibility between boundary and bulk representations

As we can express any of the m generators of the parafermion algebra P7%; in terms of the 2L
generators of the bulk parafermion algebra ??VL, we must impose the compatibility conditions

|~ ~ .
U[z,g]%U[z,g]T :U[z,g]%U[z,g]T, 1=1,...,m, (4.41)

for any (z,g) € Z5 x G. Equation dictates that (i) the global and boundary symmetries are
the same (the possibility of spontaneous symmetry breaking is excluded) and (ii) the trans-
formation laws of the generators of the boundary parafermion algebra under the protecting
global symmetries are the same as under the protecting boundary symmetries.

Particular care is needed in the odd-m case for which an additional auxiliary parafermion
Yoo is added. The parafermion v, appears only in the extended boundary algebra ?Tﬁi It
originates from the opposite boundary of the chain, infinitely far away after the thermodyﬁamic
limit 2L T oo has been taken. From the point of view of the boundary 27 ., information on
the bulk and the opposite boundary has been lost. For this reason, we relax condition (4.41)
when applied to 7., in that its transformation laws under the protecting global symmetries
may differ from its transformation laws under the protecting boundary symmetries by a
multiplicative phase factors.

Assumption 8. Given are the bulk representation U under Assumption 6 and the boundary
representation U under Assumption 7 of the protecting symmetry GFF = (Z 5 x G, ). For
any (z,9) € Zy x G, we assume that

| ~ ~

Ulz, 9] Ulz, 9]t = Ulz, 9] Ulz,glf,  i=1,...,m, (4.42a)
for any integer m, while we assume that
Ulz, 9] 7o Ulz, gt = €529 Tz, gl v, Uz, g1, (4.42b)

for some function

E:ZyxG—R/27Z,

(22) 1 0] Azl
when m is an odd integer.
First, recall that the standard parafermion charge operator on f}’%tﬁ is
iyt
Uy = (1_[1 cu]S\,N’ygjfl 'ygj> (wiN’ym ’ylo) = Yl (4.43)
=

by Definition 4. Second, according to Eq. (4.16¢), conjugation by Uz, g of U must change
the unit of parafermion charge from 1 to pg(l). Third, symmetries are on-site factorizable by
Assumption 1. These observations justify the following final assumption.
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Assumption 9. Given is the boundary representation U under Assumption 7 of the

protecting symmetry G¥F =~ (Z 5 x G,+) when m is odd. We shall assume that

! koo Z, 9(1)
U[Z,g] f}/oo U[ZMQ]T = wN [ 9] 750 9 koo[z7g] S ZN)

and
Ulz,g) Y Ulz, gt = %29 yesD G2, g] € /22,

for any (z,9) € Zy x G.

If we combine Eq. (4.43) with Assumption 9, we infer that

Ulz,g) Uy Ulz, g]f = €919 wikeel®s) U;gu)_

(4.44a)

(4.44D)

(4.45)

As desired, conjugation of the standard parafermion charge operator U of DY Ulz, g] changes the

unit of parafermion charge from 1 to p,(1) as the image of U is U;)fg(l)

phases factor.
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Chapter 5

Classification of parafermionic SPTs

5.1 Introduction

In Chapter 5, we carry out the classification of symmetry-protected topological phases for
one-dimensional parafermion systems. Our goal is to translate the assumptions introduced in
Chapter 4 into concrete algebraic invariants, and to formulate a classification scheme that
cleanly isolates the parafermionic charge contribution.

We begin in Section 5.2 by fixing the parafermion chain, its protecting symmetry group,
and the class of admissible Hamiltonians and boundary algebras.

The classification of parafermionic SPTs is then reduced in Section 5.3 to the analysis of
projective representations of the protecting symmetry group on the boundary, subject to the
compatibility conditions with the bulk symmetry action.

A key structural distinction arises between even and odd boundary parafermion number.
In the even case discussed in Subsection 5.3.1, boundary representations are classified by
ordinary U(1)-valued Schur-multipliers together with an additional index measuring the
obstruction to implementing charge conjugation as a linear symmetry. In the odd case
discussed in Subsection 5.3.2, the presence of a non-trivial center leads to a broadened
notion of projectivity, involving both U(1)- and Z y-valued data.

Finally, we show how these invariants decompose systematically, yielding a transpar-
ent parametrization of equivalence classes of boundary representations. This provides a
conceptually clean classification of parafermionic SPT phases within the stated assumptions.

5.2 Setup

5.2.1 One-dimensional chain of parafermions

Let L > 1, N > 2 be two non-vanishing integers. As in Chapter 4, we consider an ordered
one-dimensional lattice

A={1,2, .., 2L} (5.1)

consisting of an even number 2L of sites. Each site ¢ € A is assigned the order-N parafermion
operator 4; and its adjoint :sz and the pair of sets (7, ...,7,, ) and (f”yi, ,%;L) obey the
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relations defined in Eqs. (2.2a)-(2.2c). We may thus assign to A the parafermion algebra

~ ~k; ~k ~k
PiL = span {711 Vo s Aoih | kyy s kop € ZN} (5.2)

generated by 2L order- N parafermions as studied in Chapter 3. We have reserved the symbol
“to emphasize that the parafermion operators act on the entire one-dimensional chain. When
considering a boundary parafermion operator whose support is only on an appropriately
defined boundary, we shall drop the symbol~.

As there are an even number 2L of sites in A, we may group pairs of neighboring sites
into L unit cells labeled by j =1,..., L. As shown in Chapter 3, each unit cell j=1,..., L
carries the local parafermion parity operator

Sy ~ -
pfj — WY Y25-1 ’Y;Lj- (5.3)

RN

Moreover, there exists the global parafermion parity operator
_ L L ;
j=1 j=1
By Proposition 3, the lattice A supports a ZE’VF—graded Hilbert space . The global

parafermion parity operator is on-site factorizable, see Definition 8.

5.2.2 Protecting symmetries

The protecting symmetries were described in Chapter 4.4. They form the group GFF
containing the order-N parafermion parity symmetry ZRF as a normal subgroup,

ZRF 9 GPF. (5.5)

The total protecting symmetries may be constructed as a group extension of a group
G = GPF/ZRF by ZRF. We have the group isomorphism

GPF~ (Zyx G, ), (5.6a)
where the group operation ‘<" is defined as

(21,91) * (22, 92) = (Zl + pg,(22) + c(91, 92): 91 92) ; (5.6b)

for some group action p: G — Aut(Zy) and 2-cocycle ¢ € Z 2[G,Z ). Computations in
this chapter will be performed on Z, x G using this isomorphism.
The factorization of GPF (5.6a) yields the following partition and identity on the group.

Lemma 9 (Partition and identities for the group extension GFF). Given is the group extension
of G by ZRF, such that GPF = (Z x G,+) is the Cartesian product Z x G as a set with the
group composition ‘*’ defined in Eq. (5.6), say. The following three properties will be useful.
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1. As a set, the Cartesian product Z, x G can be partitioned into the disjoint union
ZExG= {(0e), (Lo}
L] {(z.0)] = € ZR\{0,1}}
|| {(0.9)]g € G\{e}}
L] {(z.0) 1= € ZR\{0}, g € G\{e}}.

2. Normality of Z, may be expressed as the identity

(2,9)* (20:€) * (2.9) " = (py(20),€) = (py(1),€)™ (5.7b)
for any 2z, € Z, and for any (z,9) € Zy x G.

(5.7a)

3. Generic group elements (z,g) € Z X G factorize as

(2,9) = (z,€)+(0,9). (5.7¢)
Proof. The partition (5.7a) may be verified by counting the number of elements in each set.
Identities (5.7b) and (5.7¢) follow from the group multiplication rule (5.6b). O

For convenience, we recall the content of Assumption 6. The global protecting symmetry
GPF ~ (ZN x G, +) is represented by a map

[’7 : ZN X G — ﬁ?\%,

~ (5.8)

(2,9) — Ulz, 4],

that is (i) a linear representation, (ii) unitary, and (iii) on-site factorizable in a homogeneous
way. Condition (i) means that U is a group homomorphism. As such it preserves the group
structure of GPF =~ (Zy x G,+), i.e.,

ﬁ['zlvgl] Ulzg; 92 = Ul(21, 91) + (22, 92)] (5.9)
for all pairs (z1,91), (25,95) € Z x G. Condition (ii) means that
Ulz 9] = Ulz, 9! (5.10)

for all pairs (z,¢9) € Z5 x G. Condition (iii) means that for any (z,g9) € Z X G, there exists
the local functional

U, :ZyxG— P% =span { kipk: | ko Kk, €7 },
2,9 " =N ~n =spang £ 1) Ra N (5.11a)
(z,9) U, [&n] = U, &,
such that !

U[Z,g] = Uz,g[&l?ﬁl] "'Uz,g[£L7ﬁL]7 (511b)
Uzl7gl [€j7ﬁj]’UzzyQQ[€l7ﬁl] 207 j?l = 17“-7L7 (5116)
UZ1:91 [gj’ﬁj] Uz2’92 [63‘;77]]‘] - U(z1791)'(Z2792)[€j’ﬁj]’ j = 1’ 7L7 (511(1)
'The notation U 2 g[f ,m] is used to emphasize the condition of homogeneity. The same functional is used

for all sites j = 1, ..., L. The argument of the functional distinguishes the sites.
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for all (z,9), (21,91), (29,95) € Zx x G. Finally, we make the identification

~

Ul e] = Uy, (5.11e)

p

where ﬁpf is defined in Eq. (5.4).

5.2.3 Hamiltonians and their boundary degrees of freedom

As in Chapter 4, we are given is the pair of Hamiltonians
H =HeP,  b=0,1, (5.12)

that are distinguished by the boundary conditions they obey, namely b = 0 selects PBCs
while b = 1 select OBCs. Assumption 3 is obeyed by H for b = 0, 1, whereby the boundary

degrees of freedom associated to the ground-state degeneracy of H, b—1 can be associated to
an integer number m > 1 of parafermions (74, ...,7,,). These boundary parafermions are
assumed to have global parity one,

Upt Vi Ugfzwmq;’ t=1,...,m. (5.13)

We are given the (left) boundary algebra

P = spang {1 i | By by = 0,1, N — 1} (5.14)
The relation between the bulk parafermions (54, ...,%5;) and the boundary parafermions
(V15 -+ sV ) depends on H,. In this chapter, we just assume that such a relationship exists.

It is the absence of the symbol~that will imply that we consider the boundary in isolation.

5.2.4 Boundary representations when m is even
Even-m boundary parafermion algebra

When m is even, the boundary parafermion algebra Py fulfills all the properties demonstrated
in Chapter 3. According to Proposition 1, the center is trivial and given by

Z(PR) = span {1}. (5.15)

According to Proposition 2, any unitary operator realizing the boundary parafermion
charge is of the form

m/2

i S
e Uy, ~v €10, 2m), Upt = H WA Va1 ygj. (5.16)
j=1

The multiplicative phase factor e is an example of a U(1)-redundancy when defining unitary
operators on the boundary.
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Projective representations on the even-m boundary

Given this U(1)-redundancy, we define the projective representations on the even-m boundary
as follows.

Definition 15 (Even-m projective representations and their equivalences). Given is the
even-m boundary parafermion algebra PR with the protecting symmetry group GPF =~
(Z x G). A projective boundary representation of the protecting symmetry group GFF with
U(1)-valued Schur-multipliers is a map

U:(Zyx G) — P,

5.17a)
(5,9) — Ulz, . (
such that
Ulzy, 1) Ulzg, 92] = el?l(z1,91),(22.9)] Ul(z1,91) * (29, 92)], (5.17b)
where )
¢: (ZFF x G)" — R/2nZ (5.17c)

is compatible with the associativity of the operator multiplication.
We say that two projective representations U and U’ are projectively equivalent (U ~ U”)

if there exists a map

0:(ZyxG)— R/21Z (5.18)
such that

U'lz,9] = /=9 U]z, g] (5.19)
for all (z,9) € (Zy x G).
Remark 22 (R/2wZ = U(1)). The additive group R/27Z is isomorphic to the multiplicative
group U(1) :={u e C | |u| = 1}.
Remark 23. One may show that

1. the associativity of the parafermion algebra P%; implies that ¢ is a 2-cocycle, ¢ €
Z?[GPFU(1)],

2. two projective representations are equivalent if and only if they differ by a 2-coboundary,
ie.,

U~U < U-U =60 (5.20)
for some 1-cochain 6 € C*[GPF, U(1)].

The projective boundary representations when m is even as in Definition 15 are thus
classified by the second group cohomology H?[GFPF, U(1)].

Compatibility between boundary and bulk representations

~

Consistency demands that the action on the boundary of the global (U) and boundary (U)
representations match, i.e., for any (z,g) € Z5 X G condition

Ulz,g],% Ulz, 9" = Ulz, g] 7 Ulz, gt (5.21)

must hold for ¢ = 1, ..., m. This is the content of Assumption 8.
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5.2.5 Boundary representations when m is odd
Odd-m boundary parafermion algebra

When m is odd, the boundary algebra %} has a non-trivial center. According to Proposition
1, the center

Z2(PR) =span {Y" | k € Zy}, (5.22)

is generated by the unitary order-/N operator

2

Y= Ay (H V251 ’Y;j) Tm> Ay € U(1). (5.23)

J=1

In particular, the boundary algebra does not support a parafermion charge operator, as was
shown in Proposition 2.

Following Corollary 1 and Chapter 4.4.2, we consider an extension of the m-odd
boundary parafermion algebra P%} by adding an auxiliary parafermion generator 7., to
the m-odd generators {v;,...,7,,}. In doing so, we have embedded P} into 537]’\}4; This
embedding delivers the parafermion charge operator

m—1
2
i S S
Uy = e (H W3 i 7§j> (W k), aeR/2nz, (5.24)
i=1
that assigns to each of {7y, ..., %, Voo } the (m + 1)-even parafermion charge one. However,

according to Corollary 2, had we used the unitary operator
dOYPU = yRiaL, ke, (5.25)

to measure the parafermion charge in Py we would still have found the parafermion charge
one for the m-odd {~4,...,7,,} generators, while we would have found the charge k for the
auxiliary parafermion 7. . This means that the construction of a parafermion charge operator
that assigns a sharp parafermion charge to all (m + 1)-even {7y, ..., Vs Voo } generators that
is one for the odd-m generators {vy,...,,,} and Zy-valued for v, is not unique. There is
an ambiguity isomorphic to (U(1) x Z) in doing so.

+1
,00

Projective representations on the odd-m boundary

Given this (U(1) x Z)-ambiguity, we define the projective representations on the odd-m
boundary as follows.

Definition 16 (Odd-m projective representations and their equivalences). Given is the

odd-m boundary extended parafermion algebra P73} C ?]YGJFO}) with the protecting symmetry

group GPF =~ (Z x G). A projective boundary representation of the protecting symmetry
group GPF with (U(1) x Z)-valued Schur-multipliers is a map

U:(ZyxG)— PR,

(5.26a)
(2,9) = Ulz, gl
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such that

Ulzy,01] Ulzg, go] = €411(z1:00): (2202 y 020(z1.00): (2.0 U (2, g1 ) + (29, o)), (5.26b)
where

¢ (Zy x G)* = R/27Z, (5.26¢)

¢y (Zy x G)? = Ly, (5.264)

are both compatible with the associativity of the operator multiplication.
We say that two projective representations U and U’ are projectively equivalent (U ~ U”)
if there exists a pair of maps

0,:(Zy x G) — R/27Z, (5.27a)
such that
U'lz,g] = €129 Y0120 U]z, g] (5.28)

for all (z,9) € (Zy x G).

Remark 24. The additive group R/27Z is isomorphic to the multiplicative group U(1) :=
{ueC|lul =1}.

Remark 25. The associativity of the parafermion algebra IP%J; implies compatibility condi-
tions on the U(1) x Z y-valued Schur-multiplier that generalize 2-cocycles to twisted 2-cocycles
and 2-coboundaries to twisted 2-coboundaries. One must then use twisted cohomology to
obtain an algebraic classification of the projective equivalent boundary representations, as

the central element ¥ need not commute with any symmetry operator U]z, g] € T’ﬁg

Compatibility between boundary and bulk representations

~

Consistency demands that the action of the global (U) and boundary (U) representations
match on the parafermion algebra P, i.e., for any (z,g) € Zy x G condition

| ~ ~
Ulz,9] 7% Ulz, g]" = Ulz,g]7; Ul2, g]f (5.29a)
must hold for ¢ = 1, ..., m, while condition
Uz, 9] oo Ulz, gIT = €529 T2, g] 7, Uz, g1 (5.29b)

for some function
E:ZnyxG—R/27Z,
(2,9) &z, 4],
must hold for the auxiliary parafermion 7., as stated in Assumption 8. Hereto, we make

the additional Assumption 9, namely there exists the pair of functions k__ : Zy x G — Zy
and ¢ : Zy x G — Z/2wZ such that

(5.29¢)

Ulz, 9] o0 Ulzs gt = wheelo9l 2o (5.302)
Ulz,g] Y ULz, g)t = 67129 yulh) (5.300)

for all (z,9) € Zy x G.
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5.3 Classification of boundary representations of pro-
tecting symmetries

As established in Chapters 2 and 3, the boundary algebras P%; generated by m parafermions
differ significantly depending on whether m is even or odd. Hence, they will be considered
separately.

We introduce our first classifying index g = 0,1 distinguishing these two cases.

Definition 17. We are given a boundary algebra P’; generated by m > 1 parafermions. We
define the classifying index g = 0,1, such that

(5.31)

{0, if the number of boundary parafermions m is even,
M =

1, if the number of boundary parafermions m is odd.

5.3.1 Case m-even, i.e., 4 =0
Strategy

We first show that, in the 4 = 0 case, any boundary representation is projectively equivalent
to a mormal one that factorizes into two independent parts: a component associated with the
parafermion parity symmetry ZRF, and a component associated with the internal symmetry
group GG, whose structure we leave completely general.

Moreover, we show that the representation can be lifted to a linear representation on
the parafermion parity sector Z]F;,F. This reflects the fact that the second cohomology group
H2[ZRF,U(1)] is trivial.

We then demonstrate that the remaining nontrivial structure of the boundary representa-
tion is fully characterized by a pair of topological indices measuring

1. the obstruction to implementing charge conjugation as a linear symmetry, and

2. the projective representation class of the internal symmetry group G == GFF/Z%F.

Normal form of projective representations

We begin by computing some proportionality phase factors for some generic projective
boundary representation U. These will be used later on to explicitly define projectively
equivalent representations.

Lemma 10 (Projective proportionality factors). Let U be a projective representation as in
Definition 15. There exists the set of U(1)-valued phase factors

el elov € U(1), Vz € Zy, (5.32a)
ef=0 € U(1),  VzeZy\{0}, Vge G\ {e}, (5.32Db)
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such that

Ul0,e] = €% 1,

Ul,e)? = €% Ulz, €] Vz € Ly,

Ull,e]N = elov 1,

Ulz, gl = e Pe0 Ulz, €] U0, g], Vz e Zy\ {0}, Vg€ G\ {e}.

)
(5. 32d)
)
)

(5 32f

Proof. For existence, it suffices to use the additive structure of Z 5 in combination with the
group extension structure of GFF to deduce the above identities up to proportionality. The

partition from Lemma 9 guarantees that the expressions are well-defined.

]

We use these proportionality phase factors to explicitly lift much of the projectivity of a

general representation V.

Proposition 5 (Normal form of projective representations for even m). Let V (V’) be a
projective representation as in Definition 15. Then V (V') is always projectively equivalent

to a projective representation U (U”) such that the following properties hold.
1. The identities

Ul0,e] =1,

Ulz,e] = U[1,¢€]?, Vz e Zy,

Ull,e]N =1,

Ulz,9] = Ulz,e]U[0,g],  VzeZy\{0}, Vg G\ {e},
Ul0,g] =VI0,g9], Vge G\ {e},

hold.

2. The boundary parafermion charge (1, e) is represented by

m/2
’ _ S
Ull,e] =U'[l,e] = Uy = H WN V2j-1 753'7
j=1
whereby
Ulz,e] =U'|z, €] =

for all z € Z.

3. The projective representations U and U’ differ only due to elements of G,

Ulz, gl # U'[z,9] < U0,g] # U'[0,g].

(5.34c¢)

4. The pair U and U’ of normal projective representations are projectively equivalent if

and only if there exists a G-dependent map
v:G—U()

such that
U'lz,g] = €99 Ulz,g],  ¢(e) =0,

for all (z,9) € Zy x G.
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Remark 26. Equation (5.33e) reflects the fact that we do not have to modify the representations
of elements of elements of the form (0, g) for g € G\{e}.

Remark 27. We have effectively “trivialized” any projective representation of Z%F < GPF on
the boundary by showing that we may always lift it to one where

1. the generator of parafermion parity symmetry (1,e) € Z, x G is the standard parity
operator Upf of the algebra generated by an even number of parafermions P,

2. the representation of the normal symmetry subgroup Z% is linear,

3. the representations of symmetries g € G = GPF /ZRF are independent of parafermion
parity in the sense that Ulz, g| = U|z, e]U]e, g] factorizes without projective factors.

Definition 18 (Normal projective representation for even m). Proposition 5 implies that,
when m is even, we may always and without loss of generality consider a projective repre-
sentation U to have the properties (5.33a)-(5.33d) and represent the boundary parafermion
charge operator by Uy as defined in Eq. (5.16). We say that the projective representation U
is in its normal form.

Proof of Proposition 5. Let o, 5(2’9) € R/27Z be as in Lemma 10 applied to the projective
representation V. We construct a map

0:(ZyxG) — R/2nZ (5.35a)

by defining it piecewise on the partition given by Lemma 9, thereby guaranteeing that it is
well-defined.

o For elements in {(0,e¢), (1,e)}

610, €] := —ay, (5.35Db)
O[1,e] := —%N, (5.35¢)
o in{(z,e)|z€Zy\{0,1}}
0z, €] :== —a, +0[1,€] - 2, (5.35d)
- in {(0,9)|g € G\{e}}
00, ¢g] = 0, (5.35¢e)
o and in {(z,9) |z € ZNy\{0}, g € G\{e}}
0[z, 9] == —B,,q) + 0]z, €]. (5.35f)

Note that 0[1, e] = ap/N is well-defined as all roots exist in U(1) (this is not so in Z ).
We define the projectively equivalent representation U ~ V'

Ulz g] = 99V[z, g]. (5.36)

One computes for U using Eqs. (5.32¢)-(5.32f):
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o For the identity element,

U0, e] = f0elv0, ¢]
= e el (5.37a)
=1.

o For elements in {(z,e) |z € Zy\{0}}

Ulz,e] =e%€V [z, €]

6( o, +0[1,e]-z) el V[lu 6]2

(5.37b)
= (¢ oLy (1 e])
=U[L ¢]*.
 For the generator of parity symmetry (1,e),
U[L e]N — eio[l,e]-N V[l B]N
o For elements in {(z,g) |z € Zy\{0}, g € G\{e}},
Ulz, g =9V 2, g]
= ei(_ﬁ(zyg)'*'o[z’d)eiﬁ<z,g>V[Z, e]‘/'[()7 g] (537d)
=Ulz,e]UJ0, g],
where we used the fact that since [0, g] = 0 for g # e,
Ul0,g] = °9V[0, g] = V[0, g]. (5.37e)

We move to proving the remaining claims of the proposition.

e Due to the bulk-boundary matching condition, Eq. (5.21), and the fact that the
boundary parafermion have global parity one, Eq. (5.13), we have

UL, ey, Ul e]f = U[1,e] 'yZU[l,e]Jr = Wy (5.37f)

for all i = 1,...,m. The same holds for U’. Lemma 3 states that when m is even,
then there exists a up to phase factors unique parafermion parity operator Uy on P
The ambiguous phase factor can be fixed by modifying 6, whence one find without loss

of generality
Ull,e] = U'[1,¢e] = Uy (5.37g)
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« Omne computes using Eqs. (5.33d) and (5.37f)

Ulz, 9] = U'lz, g] =Ulz,e]U[0, 9| = U’[2,€]U’|0, g]
=Ulz,e]U[0, g] — Ulz,e]U’|0, g] (5.37h)
= [Z,@](U[ 9 ]—U’[O,g]),

which vanishes by unitarity of U if and only if U0, g] = U’[0, g].
o If V' ~ V, then there exists a map ¢ : G — U(1) such that
V'[0,g] = €99V(0, g] (5.37i)

for all g € G. If # and @’ are the maps respectively yielding the projectively equivalent
representations U ~ Vand U’ ~ V’, then

U'[0, g = e 0109v7(0, g]
= ¢i(#9)-0'0.9) V[0, g]
— l(#(9)-0'0,91+00.9) {7]0, g]
= ei‘p(g) U[Oa g]a

where ¢(g) := @(g) — 0[0, g] + 0[0, g]. Moreover, using Eqgs. (5.33d) and (5.37f) again

(5.37j)

U'lz,g] =U'[z,e]U'[0, g]
9 U [2,€] U0, ]
= €l%l9) U[z, €] U0, g]
= l%l9) Uz, g].

(5.37K)

The necessity of the statement follows due to the transitivity of the projective equivalence
relation ‘~’.

]

Parafermion charge-conjugation index s

We introduce our first classifying index k. When G"F is a central extensions, i.e., ZRF C
Z(GPF) commutes with the entire group, k£ measures the failure of the boundary parafermion
charge operator to commute with the symmetry representations. In general, k measures the
projectivity of conjugating the boundary parafermion charge by the boundary representation
of the symmetry g € G.

We state the definition, existence, and properties of s in the following proposition.

Proposition 6 (Classifying index  for even m). Let U be a projective representation of the
protecting symmetries GPF =~ (Z 5 x GPF,.). Without loss of generality, we may assume that
U is in the normal form described in Proposition 5. Then, there exists a map

k:G— 2y (5.38a)
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that is implicitly defined by demanding that
U[0,9]U[L,e] U[0, g]" = w9 U[1, e]raV) (5.38D)
for all g € G. Moreover, the map k has the following properties.
1. The map & is explicitly defined by
W9 = U0, 9] UL, €] U0, g]' U[L, ] V) (5.392)
for all g € G.
2. Forall zeZy, g€ G

U0, 9] Ulz, €] U0, g]" = wi9% Ulz, ] (5.39b)
or, equivalently,
U0,9]Ulz, €] = Wi Ulz, €] U0, g]. (5.39¢)

3. The map & is a twisted 1-cocycle 2, that is

K(91)Pg(1) — k(g1 g2) + K(ga) =0 (5.39d)
for all g;,9, € G.

4. k is an invariant of projective equivalence classes. In particular, if GPF is a central
extension (p,(1) =1 for all g € G), then k € Z'[G, Zy] is a regular 1-cocycle.

Proof. We begin by showing that a map x as in Eq. (5.38) exists and is well-defined. According
to Eq. (5.7b) from Lemma 9,

(0,9) * (z,€) + (0,9)" =(p,(2),€) (5.40)
=(Leys?,  z€Zyg€q, |

which is equivalent to
(0.9) + (z.e) = (L) « ((0,9), 2€Zy,geG. (5.41)

Take now z = 1, yielding p,(1) = 1 since p is a group action (recall that (1, e) is the generator
of parity symmetry). By Eq. (5.41), there exists for all g € G a proportionality phase factor
R(g) € U(1) such that

U0, 9] U[1,e] = €9 U[1, e]?s™M) U0, g]. (5.42)

Moreover, since U was chosen to be normal, we have by Eq. (5.33¢) U[1,e]¥ = 1. We thus
compute

Ul0,g] =U[0,g]U[L, €™
— (ei/%(g)>N U[l,e]NU[O,g] (5.43&)
= "IN U0, g],

2See Appendix B and Remark 38 for terminology.
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which implies e/*(9'N = 1. Hence, there exists k(g) € Z 5 with
N
W) = iflo), (5.43b)

Equation (5.38) follows by multiplying Eq. (5.42) by U[0, g] from the right.
The next two statements are verified by observing that

1. U is unitary, whence we may reshuffle Eq. (5.38) as needed,
2. and U was chosen such that Ulz, e] = U[1, ¢]?, see Eq. (5.33b).
We show that k satisfies the twisted 1-cocycle condition
k(91)-Pg, (1) — k(91 92) + K(gs) =0 (5.44)

for all g,,9, € G.
On the one hand, under conjugation by

U[07 91] U[(): 92] = U[C<91792)7 9192]

. 5.45
=elf U[l,e]t9092) U[0, g, g5], €€ U(1), (5.45)

the element U[1, e] is mapped to
UlLye] = (U109, U[0. 5] ) UL, ¢] (U0, 9,] U [0, go))"

= (U1, )09 U[0,, 0,)) U1, €] (U1, €71 U0, g,5])

= UL, e]*elo92) (U[0, g, 9, U[L. €] U[0, 9, 957 ) U[1, ] lonss2

—U[1, ] Tcl91:92) (w;”vv(gl 2171, €]’ g2(1)> U[1, e] c(91:92)

=919 1, e]PoroaV), (5.46)
where we made use of the pair of identities

U0,9) U1, €] U0, gt = wi? Ulp,(1), €] (5.47a)

and
Ulpy(1),e] = U[L, )Ps'V (5.47D)

to reach the penultimate equality.
On the other hand, under conjugation by Eq. (5.45), associativity dictates that the element

76



Ul1, €] is mapped to
UlL,e] U0, g,] (Uo 92) UL, €] U[0, go]1) U[0, 1)1

ea i =010, 4] (3% Ulp,, (1),]) U10, 1)1
:w]é ) (U[o,glw[pg; ). e]U0,g,]7)
e im =wx % oy " Ulpy, (pg, (1)) 6]
Eq. (5.47b) = wN(g2)+ﬁ(gl).p92(1) U[l7 e]pgl (p92(1))
K(g2)+r(g1)pgy(1) U[1, ] (PgyoPgy) (1)

== wN
= wHN(g2)+H(gl).p92(1) U[1,e]’s 92(1)’ (5.48)
where we used the identity
Pg, ° Pgy = Py g, (549)

to reach the last equality.
Since expression (5.46) must coincide with expression (5.48), we conclude that

k(91 92) = K(g1)pg (1) + K(ga), (5.50)

i.e., the twisted 1-cocycle condition (5.44) must hold.

Finally, a pair of projectively equivalent representation U ~ U’ differ from one another only
by phase factors, which commute with all operators and hence cancel out under conjugation
when conjugating the parity representation U[l, €] in Eq. (5.38). ]

Projective representation of GG index v

We introduce our second classifying index v. Proposition 5 showed that a pair of projective
representations V', V' may always be brought into a equivalent normal form U, U’, respectively.
In particular, Egs. (5.34c) and (4) showed that projective (in)equivalence depended only on
elements of G. The following proposition shows that there exists a well-defined 2-cochain v
measuring the projectivity of representations of GG. In fact, v is nothing but the restriction of
U’s Schur-multiplier to G.

Proposition 7 (Classifying index v for even m). Let U, U’ be projective representations of
the protecting symmetries G*F =~ (Z, x G,+). Without loss of generality, we may assume
that they are in the normal form given by Proposition 5. Then, there exists a map

v:GxG—U(1) (5.51a)

that is implicitly defined by demanding that

U[0,91]U[0, g5] = el(91:92) Ule(g1,92), 9192) (5.51b)

for all pairs ¢,, gy, € G. Moreover, the function v has the following properties.
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1. The map v is explicitly defined by
611/(91’92) = U[la 6]_6(g1792)U[07 gl]U[()? g2]U[07 ngQ]T (5528“)
for all pairs ¢;,9, € G.

2. If the Schur-multiplier of U is ¢, then

v(g1,92) = 9[(0,971), (0,95)], (5.52b)

for all pairs g;, g, € G.

3. If k is the 1-cochain associated to the U given by Proposition 6, then v is a modified
2-cocycle 3 | i.e., for any g, 95,95 € G

2T
(521/)(91792793> + W“(Ql) - ¢(gq,93) = 0, (5.52c)

where, §2 is the (regular) 2-coboundary operator

(52’/)(917927 93) = v(g1,92) + V(91 9o» 93) — v(9s, 93) — (91,9 93) (5-52d)

from Appendix B. In particular, if GPF is a split extension, i.e., ¢ = 0, then v €
Z%[G,U(1)] is a regular 2-cocycle.

4. If U ~ U’ are projectively equivalent, then the respective modified 2-cocycles v, v’
differ by a (regular) 2-coboundary,

(v —=v")(91,92) = (6'9) (91, 92) == @(g1) — (g1 92) + ©(92), (5.52e)

for all pairs g, g, € G, where ¢ : G — U(1) is a 1-cochain (projectively relating U’ to
U).

Proof. Let ¢ : (Zy x G)* — U(1) be U’s Schur-multiplier. Then we may define
v(91,92) = 810, 91),(0,92)] (5.53a)
and, by the definition of the Schur-multiplier,

U0, g;]U[0, go] = ei¢l(0.91). (0,9)] Ulc(91592)5 9192)

oo (5.53b)
=e"9192) Ule(gy, 9o)5 91 9)-

for any pair g;, g, € G. This proves Egs. (5.51b)-(5.52b), whence v is well-defined.
We show that v is a modified 2-cocycle. Because of associativity, we must have the identity

(U109, U10.9]) U10,g5] = U[0. 9] (U10,9:] U[0. g5 ). (5.54)

3See Appendix B and Remark 38 for terminology.

78



This associativity combined with the identities

(0°v) (915 92, 93) = V(92 93) + v(91, 92 93) — V(91 9a5 93) — V(915 92), (5.55a)
((0.90) (0,92)) - (0.95) = (0.91) - ((0.92) - (0.95)). (5.55b)
pg(2) = py(1) - 2, (5.55¢)

delivers a modified 2-cocycle condition by the following computation.
On the one hand,

(U10, 1] U[0, 92] ) U0, ga] = (o092 U[1, e[ elon22) U[0, g, g,] ) U0, g5

— eJFiV(éh 192)+iv(g1 92, g3)

X U[l, 6]6(91’92)+C(9192’93) U[O’ 91 9o 93]. (556)
On the other hand,

U10,9,] (U0, 9] U0, 93] ) =U10,g,] (719295 UL, e]e192:99) U[0, g, g5
= et19293) (U[0, g, UL, e](92:95) ) U[0, g, g5
= 0] (W YL o090, 1] U0, g5 g5
— eT1V(92:93)+iv(91,9293) w}fv(gl)f(gzvgs)
X UL, et elows)telon0:9) U0, g, g, g5). (5.57)
Now,
UL, e]?91:9207¢(9192:95) U [0, gy gy g5] = Ulc(g1, 92) + ¢(91 925 93)5 €] U0, g1 92 93]
Ule(g1, 92) + ¢(91925 93)s 91 92 93]
U[((0,90) 0.2)) - (0,5)] (5.58)

while

Ult, e]pgl(l)'c(g%gg)%(gl792 2) Ul0,91 92 93] = U[Pgl<1> - ¢(ga593) + (91, 9293), €] U0, g1 g5 93]
=Ulp,,(1) - ¢(92:93) + c(91, 9293), 91 92 93]

=U[(0,91)- ((0,92) - (0,95))] - (5.59)
By the associativity (5.55b), it follows that
U[lv e]c(gl,gg)Jrc(gl 92,93) U[O, 91 95 93] — U[l’ e]Pgl(1)'0(92a93)+c(91a92 9gs) U[O,gl Js 93]‘ (560)

Equating Egs. (5.56) and (5.57) as is dictated by Eq. (5.54) thus delivers the condition

27
v(92,93) — V(91,92 93) — N k(g1) - c(92,93)

K(91) - ¢(ga5 93) (5.61)

2rn =v(gy,92) + (91 92, 93

>_
— _(621/)(91792»93>_2W7T
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for any integer n.
We show the last statement. Let the pair (U’,v") and the pair (U,v) be projectively
equivalent. By Proposition 5 this means that there exists a map ¢ : G — U(1) such that

U’[0,g] = et¢9 U0, g], Vg € G, U'[z,e] = Ulz,e], Vz e Zy. (5.62)
On the one hand,

U'[0,9,]U’[0, go) = eV 919 U’ [e(gy, 95), 91 5]
= e"V(9092) U'[¢(g,, g,), €] U'[0, g, go]
—e iV (91:02) 410191920 U (g, , g,), €] U[0, gy go]
—e TV (91.92) 1009192 Uc(gy, gy ), G4 a)- (5.63)

On the other hand,

U/ [07 gl] U/ [07 92] = €+i[¢(gl)+¢(g2)} U[07 gl] U[07 92]

— etile(g1)+0(g2)] otiv(g1,92) Ule(gys 99), 9y 9o)- (5.64)
It follows that
V' (91,92) + ©(g91 92) = ©(91) + ©(g2) + (91, 92), (5.65)
ie.,
V' (91, 92) —v(91,92) = ©(g1) — ¢(91 92) + ©(g92) = (61¢) (91, 92)- (5.66)
u

Schur-Multiplier Decomposition

Having established that the modified 1- and 2-cocycles x and v are well-defined, we are now
in a position to show that they do indeed classify the boundary projective representations
of the protecting symmetry group GFF. We do this by showing that the (regular) 2-cocycle
¢ € Z?[Z x x G,U(1)] characterizing a projective representation U (as defined in Subsection
5.2.4) can be decomposed in terms of x and v.

By Proposition 5, we may assume U to be normal, thereby fulfilling Eqgs. (5.33a)-(5.33d).
Let k and v be defined for U as in Propositions 6 and 7 respectively. Consider an arbitrary
pair (z1,9;), (29, 99) € Zy X G. By definition,

Ulz1,91]Ulzg, 95 = el?l(z1,91):(22.9)] Ul(z1,91) - (22, 92)] 5 (5.67a)
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where ¢ is U’s Schur-multiplier. We then do the manipulations

Ulzr,91] Uz, 92] = ( (21, U(0,90)]) (Ul(20: )] U1(0, 3] )
sy = Ul(21,0)] (U0, 91)] Ul(za, €)] ) U(0, g,)]

cxchangs . pasnns =€ <gl>~2(U[<z1, N U[(py, (= >,e>1)( [(0,91)]U1(0,9)])

projective representations = €1(91)%2 (U[(zl —|—pg Z5), ]) elv(91:92) c(91599)s 91 gz)]>
etriaion = €022 (V0192 Uz, + p,, <z2>,e>]( (e(91, 92), €] UL(0, 9, 92)])
sy = X032 10192) (U(2) + p,, (22), )] Ul(c(gr,92), €)] ) U(0, g4 go)]

(

= eivl91) %2 e191:92) (U[(z, + py, (25) + (91, 02), €)] U0, 9, 92)] )
= elnlon) =2 9192 U (2 + Py, (22) +c(91,92), 91 92)]

= el"91) 22 V19192 U (2, g1) - (22, go)]- (5.67b)
Since the right-hand sides of Egs. (5.67a) and (5.67b) must be equal, it follows that
2m
¢ [(21,91): (22, 92)] = N K(91) -z + (91, 92)- (5.68)

5.3.2 Case m-odd, i.e., u=1
Strategy

We first show that, in the 4 = 1 case, any boundary representation is projectively equivalent
to a mormal one that factorizes into two independent parts: a component associated with the
parafermion parity symmetry ZRF, and a component associated with the internal symmetry
group G, whose structure we leave completely general.

Moreover, we show that the representation can be lifted to a linear representation on the
parafermion parity sector Z]PVF. Contrary to the p = 0 case, charge conjugation can now also
be implemented linearly.

We then demonstrate that the remaining nontrivial structure of the boundary representa-
tion is fully characterized by a pair of topological indices measuring

1. the obstruction to implementing conjugation of the center as a linear transformation,
and

2. the projective representation class of the internal symmetry group G = GFF/Z%F.

Normal form of projective representations

Let U : GPF — .7’%4; be a projective boundary representation of the protecting symmetries
GPF ~ 7 x G as in Definition 16, i.e., there exists two 2-cochains

b, (Zy x G)? — U(1), (5.69a)
Gy (Zy x G)? — Zy, (5.69b)
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such that
U[ZD gl] U[22792] — i#11(21,91),(22,92)] Y P2l(21,91),(22,92)] U[(Zl, gl) . <Z2,92>] (5690)

for all pairs (z1,91), (22, 92) € Zy % G.
We begin by showing how the Schur-multiplier ¢, associated to the central factors Y*
can be decomposed into 1-cochains.

Lemma 11 (Decomposition of ¢, in terms of € for odd m). Given is a projective boundary
representation U as in Definition 16. Let ¢, ¢4 be the Schur-multipliers associated to the
U(1) and {Y*}- ! redundancies, respectively. Then,

1. there exists a map

e lnXG— Ly (5.70a)
such that )
ULz, 6] ve0 Ulz, 9] = w9 4221, (5.70b)
2. and

P2l(21,91); (22, 92)] = (5[7:1,91] : PgQ(l) —e[(21591) (22, 92)] + 5[22>92]>

) p(91 92)71(1>
for any pair (21, 91), (29,92) € Zy X G.

(5.70¢)

Remark 28 (Twisted 2-coboundary for odd m). The term in the parenthesis on the right-hand
side of equation (5.70c) can be interpreted as a twisted 2-coboundary, as defined in Remark
38 of Appendix B. Thus, Lemma 11 states that ¢, is itself a twisted 2-coboundary, i.e., it
can be gauged away (lifted). We will construct in Proposition 8 a gauge in which £ = 0 so
that ¢, = 0.

Proof. We begin by showing that € is well-defined. As assumed in our setup, see Eq. (5.29b),
we may define a map

E:lnyxG—R/21Z,

~ (5.71)
(2,9) =&z, g,
such that ) )
Ulz, 91700 ULz, 9] = e 42, (5.72)
Now, if we insert
1= (5.73)
into
1=Ulz,9]1Uz,g|"
=Ulz,g]7% Ulz, g]!
N
= (oo Vggl))N
— (615[2 g])N (,.)/N>pg(1)
= (eiElzal)Y (5.74)



we conclude that
elélzg] — w?\[f'zvg] (575&)
for some function
X G =7 s
€TEN N (5.75Db)
(z,9) —elz, g].

We move to proving the decomposition of ¢,. First, we define

(’Yoo)g2 = U[Z27 92] Voo U[Z2= QQ]T
= il ) (5.76)

Iteration yields

((1),,)  =Ulz1. 1] (30),, Ulzrs gt

g1

=Ulzy, 9] (U[Z%gz] Voo U[32792]T) U[’Zlagl]T
(1)

U[Z1»91]T

PgQ(l)
= w29 (U2, 91] oo Ulzr, 94)F)

p92(1)
€lz2,9 £€121,9 p (1)
o (5.76) =W [22,9-] ( 7]\£ 1 1]7 g1

_ wi\gz%gz]%[zl,gl]pg?(l) 7ggl(l)~;>92(1)
E[z2792]+5[21791}'pg2(1) Pg192(1)

=wy Yoo . (5.77)

, P
Eq. (5.76) = W%ZQ 92| Ulz1, 91] 7007

We now define

(o), 5, = (Ulne:] Uz ga] ) oo (Ulz1. ) U] (5.78a)

91 92

where

U[Zlhgl] U[z2’ 92] — i01((21,91),(22,92)] Y P2((21,91),(22,92)] U[(Zlvgl) . (22792)] (578b)

by the definition of U being a projective representation. Thus,

T
= (U[Zlvgl] U[Z2792]> Voo (U['Zlagl] U[z2a92]>
— y+al(21,91),(22,92)] (U[(Zpgﬁ (29, 99)] Voo Ul(21, 97) - (22’92)]T)Y_¢2[(21791)7<Z2792)]

Eq. (5.76) = Y+¢2[(21791)7(22792>] (w%<zl’gl)'(z2’92)] %/jgl 92(1) ) Y_¢2[(21791)»(22792)]

(Yo )y, 4.

:wi\[’(zl’gl)'(zz’%)] <Y+¢2[(Z1791):(Z2792)] ’}/ggl o2 (1) Y*¢2[(z1791)7('32792)]> . (579)

With the help of
YV =WnTao Y (5.80)
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we arrive at

5[(21791)'(22:92)]+¢’2[<21’91)'(22’92>]‘Pq192(1) pglgz(l)
(Voo), o =W ‘ Yoo (5.81)

9192

By associativity,

((%0)92> = (Yoo

91

(5.82)
which is equivalent to

ez, go] +€[21, 01 'sz(l) = €[(21,91) - (22, 92)] + Pal(21,91) - (29, 92)] "Pg, 92<1)~ (5.83)

As the multiplicative inverse modulo N of p, (1) € Z/MZ exists due to p, being a group
action, we can also write
-1
62 (21591) - (2, 92)] = (l0,01] - £, (1) = £l(21,90) - (22, 92)] + €[22, 9] ) - [y, (V)]
(5.84)
O

We will now use Lemma 11 to explicitly lift much a representation U’s projectivity. The
following proposition, analogous to Proposition 5 for the u = 0 case, shows that we can find
for every projective representation V an equivalent representation U with “normal” properties.

Proposition 8 (Normal form of projective representations for odd m). Let V (V') be a
projective representations as in Definition 16. Then V (V) is always projectively equivalent
to a projective representation U (U”) such that the following properties hold.

1. The identities

U[0,¢] =1, (5.85a)
Ulz,e] =U[1,¢€]?, Vz € Zy, (5.85b)
UL, )N =1, (5.85¢)
Ulz,g] = Ulz,e]U[0,g],  VzeZy\{0}, Vge G\ {e}. (5.85d)
Ul0,9] = Y* V[0,9], k,€Zy,VgeG\{e}, (5.85¢)

hold.

2. Conjugation of the projective representation U[1, e] of the boundary parafermion charge
by any U|z, g] is linear, i.e.,

Ulz,g|U[1,e]Ulz,g]" = Ulp,(1),€]. (5.85f)

3. The Schur-multiplier ¢, associated to the central factor is trivialized (¢ is a 2-
coboundary and can thus be set to zero), i.e.,

Ulzy,91]Ulzg, 95 = el?1l(z1.91):(22,92)] Ul(z1,91) * (29, 92)] (5.86)

for all (21791>7 (22592) € ZN X G.
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4.

The parafermion charge (1, e) is represented by

Ull,e] =U'[1,¢] = 7L (5.87a)
and

Ulz,e] =U'[z,€e] =vZF (5.87b)
for all z € Z,.

The projective representations U and U’ differ only due to elements of G,

Ulz,g] # U'lz, 9] < U[0,g] # U’[0,g]. (5.87c)

The pair U and U’ are projectively equivalent if and only if there exists a G-dependent
map

p:G— U1 (5.87d)

such that
U'lz,9] = €99 Ulz,gl,  (e) =0, (5.87¢)

for all (z,9) € Zy x G.

Remark 29. Equation (5.85e) reflects the fact that our normalization modifies the representa-
tions of elements of the form (0, g) for g € G\{e} only by powers of Y. We do not specify any
complex phase for such symmetries when constructing the projective equivalence, whence
there remains a U(1)-redundancy for the operators U0, g].

Remark 30. We have effectively “trivialized” any projective representation of Z%F < GPF on
the boundary by showing that we may always lift it to one for which

1.
2.
3.

the representation of the normal symmetry subgroup Z%f is linear,
moreover, the normality of ZRF <0 GPF is expressed linearly by Eq. (5.86),

the representations of symmetries g € G =~ GPF/ Z?VF are independent of parafermion
parity in the sense that Ulz, g| = U|z, e]U]e, g] factorizes without projective factors.

Remark 31. We take a closer look at equation (5.86).

1.

For every g € G such that p (1) = 1, we may equivalently write
Ul0,9]U[1,e] = U[L, €] U0, g], (5.88)

i.e., representations of g € G corresponding to trivial actions commute with the
boundary charge operator.

If GPF is a central extension (p is trivial), one verifies that

Ull,e] Ulz,g] Ull,e]' =U[L, €] Ulz,e] U0, ] U[1,e]!
=Ulz,e] U[L,e] U[0,9] U[1,e]f
=Ulz,¢]U0, g]
=Ulz,g], V(z,9) € Zny X G, (5.89a)

which is to say that every “normal” representation of a protecting symmetry carries
boundary parafermion charge zero.
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3. We deduce that conjugation of the boundary charge operator U[1, e] does not yield a
sensible classifying index when p = 1, as it may always be trivialized. This means that
we cannot reuse the index x from Proposition 6 for the p = 0 case.

Definition 19 (Normal projective representation for odd m). Proposition 8 implies that,
when m is odd, we may always and without loss of generality consider a projective repre-
sentation U to have the properties (5.85a)-(5.85d) and realize conjugation of the boundary
parafermion charge operator in a linear fashion as in Eq. (5.86). We say that the projective
representation U is in its normal form.

Proof of Proposition 8. We are going to make use of the disjoint partition (5.7a).
We begin with the subset of Z, x G given by

{(z, e) ] s e ZN}. (5.90a)
Following Corollary 2, we assign to any (z,e) with z € Z,; the operator
V[z, €] = elo1(z) you(2) 42, (5.90b)

Through conjugation, the unitary operator V|z, e] measures the parafermion charge w3 for

all odd-m generators of PR}, while it measures the charge w%ﬂz) with ay(z) € Zy for .
The phase a4 (z) € R/27Z encodes the U(1) ambiguity when assigning a phase to a unitary
operator. By the same reasoning, a,(z) € Zy encodes the ambiguity when assigning a
parafermion charge to the auxiliary parafermion 7.

We turn our attention to the set

{(O,g) ’ ge G\ {e}}. (5.91a)
According to Lemma 11, for any g € G \ {e},

€ g1
V10, 9] 7s V[0, 9]t = w50 422", (5.91b)

where
e(g) =¢€l0,9] € Zy. (5.91c¢)

If £(9) = 0 and p,(1) = 1 held for all g € G, Eq. (5.91b) would imply that G and Z§f
commute. Here, Eq. (5.91b) implements the weaker condition that ZRF is a normal subgroup
of GFF.

Finally, we consider the set

{(z, 9) ‘ z€Zy\{0}, g€ G\ {e}} (5.92a)
for which the projective composition law is
Viz,e] V[0, g] = P29 Y120 V2, g] (5.92b)

for some function f; taking values in R/27Z and for some function g, taking values in Z .
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With the help of the 1-cochain
@:ZNxG—>{ei<ﬂ | o e [R/27rZ} x {Yk | keZN} ~ U(1) x Zy,

(5.93a)
(2,9) = Blz, 4],
where
el (2) y—ao(z) z €Ly, g=e¢,
Oz, g] i= { Y =W@Pg (D) 2=0, g=G\{e},
wy D ciiled yBalzd Q[0, g] Oz €], 2 € Zy\ {0}, g € G {e},
(5.93b)

we define the projective representation U as the gauge-transformed of the projective represen-
tation V) i.e.,
Ulz,g] := 0z, 9] V|[z,g]. (5.93¢)
Equation (5.85¢) thus follows.
For any (z,e) from set (5.92),
Ulz, €] =0O[z,9] V]z, 4]
Eq. (5.906) = el (2) y—aa(z) otiai(z) ytas(z) N

=Yoo - (5.94)
In particular, we find that

Ul0,e] =1, (5.95a)
UL, e] = 75! =k, (5.95b)
Ulpg(1), €] = yolo, (5.95¢)
Ulp.(1), €] = ol = 7.0 = 4L (5.95d)

For the last identity, we used
p.(1) = 1. (5.96)

We have proven Egs. (5.85a)-(5.85¢) and Egs. (5.87a)-(5.87b).
We turn our attention to the set (5.91a) and start from substituting V' by U in the adjoint
of Eq. (5.91b), namely

U0, 9] 7k U0, 9]t = (Y592 W v[0,g]) 7ke (VI0,g)t Y elrrer )
—y<@)pg-1(1) (V[O, q] ’Ylo V[O,g]T> y te(9)pg-1(1)
:Y—f'?(g)‘Pg—l(l) <w&5(9) ,Y;OPg(l)> Y—&-e(g)-pg,l(l)

et (Y_g(gypg,l(l) Lo ye(a)r o (1) )

:w&s(g) wg\;l) €(9)py-1(1)-py(1) ’y;opg(l)

_ 2o, (5.97a)
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With the help of Eq. (5.95d),
U0, 9] vk U0, gIf = Ulp.(1),e]. (5.97b)

We have proven Eq. (5.85f).
Finally, we consider the set (5.92a) for which
Ulz,g]: 9[2 9lVlz 4l
Eq. (5.92b) = [ ] ( —iB1[2.0] y—Fsl2.] V[Z, 6] V[O, g])
b (5.030) = (wN< PP gl yBalzsl @0, g] O, e]> (e=Bil29l Y=2l29) V]2 o] V[0, g])

— w7 0[0, g1 Oz, €] VIz, €] VIO, g, (5.98)

as ©[0, g] and O[z, e] commute with Y. To proceed, we make use of the normal form (5.94)
for Ulz, e] and the definition (5.93b) for ©[0, g] to do the manipulation

©[0,9]O[z, €] V[z,e] =0]0, g] Uz, €]
—y <@)p-1(1) NZ
— (Y*E(g)ﬁgfl(l) NZ Y+€(9)-Pg—1(1)> y —€(9)py-1(1)

(—=1)*e(g)p,-1(1) 2

=Wy 9" VE y —<(9)pg-1(1)
pg1l)z=p () = w;dg)'pgﬂ ) U[Z, 6] @[Oa g] . (599)

Insertion of the right-hand side of Eq. (5.99) into the right-hand side of Eq. (5.98) gives
Ulegl =y 7 w7 ULz 0(0. 6] VIO
=U|z, €] UJ0,g]. (5.100)

We have proven Eq. (5.85d).
According to Lemma 11,

Viz, 9l v Vz, 9]t = wf\[,z’g} vgg(l), V(z,9) € Zy X G, (5.101)
defines implicitly the Z y-valued function €. We are going to show that

elz,g] =0, V(z,9) € Zny X G, (5.102)

in the gauge (5.93). Consequently, with the help of Lemma 11, the Schur multiplier ¢, is
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seen to vanish identically so that Eq. (5.86) holds. Indeed, with the help of Eq. (5.100),
Ulz, 9]V Ulz, g]" = (U2, €] U[O,g]) Yoo (U[O,g]T U[%@F)
= ULz, ] (U10,9] 700 U10, 91" ) ULz, ]
N-1
=7 (UD0,9) ()" Ul0,g]1 )2z
; N-1

=Yoo (U[O,g] Yoo U[O,g]*) o5

N-1
o cam =752 (U0, g1 UL U gl ) " 72

N-—1
Eq. (5.97b) = ’Y;OZ (U[Pg(l)a 6] ) 7;2

Eq. (5.97a) = ”}/goz Yoo Yas
=2 W(z,9) €Zy % G. (5.103)

We continue with the proof of Eq. (5.87c). If U and U’ are both of normal form, then
0=Ulz,9] - U'[z,4]
ra. 500 = Ulz,€e]U[0,g] — U’[z,e] U’|0, g]
b (01 =7 (U[O, g — U0, g]) (5.104a)
holds for any (z,g) € Z, x G if and only if
0="UJ[0,9] — U0, g]. (5.104b)

Finally, we show that the pair U and U’ of normal projective representations are projec-
tively equivalent if and only if there exists a map ¢ : G — R/27Z such that

U'[z,g] = %9 Ulz, g] (5.105a)
with
@(e) = 0. (5.105b)

(<= ) If U is a normal projective representation of GFF, so does €9 U]z, g] under the
condition that ¢(e) = 0.

(=) If U and U’ are projectively equivalent, then there exists the pair of functions
01 : Ly X G— R/27Z and ¢, : Z5 X G —> Z such that

U'lz,g] = e1lz9 yel291 ]2, g] (5.106)

for all (z,9) € Zx x G. Because U and U’ are normal projective representations [recall Eq.
(5.94).
U'lz,e] =Ulz,e] =72 (5.107)

for all z € Z,. By Eq. (5.103),

— 1 / /
1o = UL, gl Ul gl = Ul gl vk Uzl V(ng) €Zyx G, (5.108)
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For any (z,9) € Zy x G,
~—Fg 1) / /
o' = Uz, g ke U' [z, g
prmn (ei@1[zvg] YQDQ[ZVQ} U[Z, g]) f)/C-I;O (U[27 g]T Y_SOQ[Z:Q] 6_1‘101[27.9] )
— Y@Z[zvg} <[Jv[z7 g] rylo U[Z, g]T) Y_SDZ[ng}
— Y #2(z4] 7;3’)9(1) y —2lz.g] (5.109)
By making use of Corollary 2, we deduce that

—py(1) —p2lz,9]p4(1)

Yoo ! =Wy Lo (5.110)
Multiplication of this equation by 7:0;)9(1) gives the condition
1 = w2l et (5.111)
As py(1) € Z5y\ {0}, we conclude that
©s(2,9] =0 mod N (5.112)
so that Eq. (5.106) simplifies to
U'lz,g] = 1129 Uz, g]. (5.113)

To show that ¢,[z, g] is independent of z in Eq. (5.113), we invoke again Eq. (5.94) through
the manipulations

72 U'0,9] =U’[2,€] U0, g]
=U'lz,4]
— ei‘Pl[Z:g] U[Z, g]
= #1129 Uz, €] U[0, g]
— elealz.9] %;oz U[O7 9]7 (5.114)
i.e.,
U’l0,g] = ele1lz9] Ulo, gl. (5.115)

Equations (5.115), (5.113), and (5.107) can only hold simultaneously for all (z,9) € Zy x G
if
pilz, 9] = 010, 9] = 01(9),  wi(e) =0. (5.116)

]
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Center generator conjugation index s

We use the normal form of projective representations to introduce our first classifying index
K.

In the p = 0 case, the first classifying index was defined in Proposition 6 by conjugating
the boundary representation of parafermion charge. This was natural, as by Assumption
2, ZRF is a normal subgroup of the protecting symmetries. However, as was shown in
Proposition 8, when p = 1, one can always lift the representation so that the conjugation
of parafermion charge is linear, thereby trivializing such a charge conjugation index.

We will instead conjugate the generator of the boundary algebra’s center Y as defined in
Eq. (5.23). Recall that this operator was intrinsic to the odd-m parafermion algebra. We
state the definition, existence, and properties of such an index x in the following proposition.

Proposition 9 (Classifying index « for odd m). Let U be a projective boundary representation
of the protecting symmetries GFF >~ (Z5 x G,+) as in Definition 16. Without loss of
generality, we may assume that U is in the normal form described in Proposition 8. Then,

there exists a map

that is implicitly defined by demanding that
U0, 9] YU0, gt = w59 yrs(V) (5.117b)
for all g € G. Moreover, the function x has the following properties.

1. The map & is explicitly defined by

W = U10,9] Y U0, gt Y—Po ) (5.118a)
for all g € G.
2. For all (z,9) € Zy X G,
t_ m9Frg(2) v rp (1)
Ulz,9] Y Ulz, g]' = wy yPs), (5.118D)
or, equivalently,
U[Z,g] Y = w;{v(g)“‘pg(z) ng(l) U[Z,g] (5118C)

3. The map & is a modified twisted 1-cocycle 4, that is

K(91) Pg,(1) — k(g1 g2) + K(ga) = (91, 92) - Py, g4, (1) (5.118d)
for all g;, 95 € G.

4. The map & is an invariant of projective equivalence classes. In particular, if GFF is a
split extension (¢ = 0), then the map x is an unmodified twisted 1-cocycle.

4See Appendix B and Remark 38 for terminology.
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Remark 32 (Interpretations of k). Consider elements g € G such that the group action is
trivial, i.e., p,(2) = 2.

« Equation (5.118a) then yields the commutation relation
Ul0,g]Y = wfv(g) YU|z,g]. (5.119a)

In particular, when GFF is a central extension (p(y is trivial), £(g) encodes the ob-
struction to a representation of g € G commuting with the generator Y of the center

Z(PR)-
e Recall that the identity
Y. YT = wnveo (5.119b)
holds for the auxiliary parafermion v, . This identity implies that, for any operator
Ve Py,
Y(VAs) YT =wk (VAk) (5.119¢)

In other words, the adjoint action of the center on operators U & ?7\,“; that are
homogeneous in 7., measures the order of the auxiliary parafermion in U. Rewriting
Eq. (5.119a) as

YU[0,9] YT = wy? U0, g] (5.119d)

delivers the interpretation of k(g) as counting the number of times fylo appears in the

boundary projective representation of g € G.

Proof of Proposition 9. By Eq. (5.30b), one has
Ul0,9] YU, g]f = €9 y sl (5.120)
for some £(g) € R/27wZ. We do the manipulations

eiFa)] ™, (5.121)
We conclude that )
eif(9) = i), (5.122)

for some map k : G — Z . Hence, k exists and we have proven Eq. (5.117).
We prove equation (5.118b). Since U is assumed to fulfill the properties of Proposition
9, we compute

Ulz, 9| YUz, g]" =Ul[z,¢e] U0, g) YU[0, g]" Ulz,e]

— w’]fv(g) ,.Y;Oz ng(l) ,.y;-oz

— w;@v(g)—&-zﬁg(l) ng(l)

:wKN(g>+pg(z) ng(l), (5123)
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where we used that Y has parafermion charge one.
Let us now deduce the modified twisted 1-cocycle condition (5.118d) obeyed by k. We
start by defining

YgQ = U[O7 92] YU[O7 92]T
Wil92) y Por (1) (5.124)
We compute by iterating
(Y ) = U[ngl]}/g U[Oagl]T

92 9
= U[ 1] ( [0, g5] YU[0792]T) U[0791]T
Eq. (5.124) :w U[O g1 ]Yp92(1) U[O,gl]T

= (U104 YUDD. 1))
( 01) 3o, )pgzm
:w;@v(g 2)+r(g1)pg, (1 )ngl( ) Pgy(1)
:wﬁN(gz)Jrn(gl)-ng(l) VPoraz(D) (5.125)
Analogously, we define
Yy g0 = (U109, U10.95]) Y (U[0,9,] U[0. go))' (5.126a)
where
U[0,9,]U[0, gp] = 910900921 Ule(gy, g5), 91 g5]. (5.126D)
Thus,

Ule(91,92), 91 92) YU (91, 9), 91 9o
Ulc(g1,92),€] (U[0,9, g2] YU[0, 91 go]") Ule(gy, 92), €]’
Ul ), €]

(91,92 [ o) ngl”(l)} Ule(91, 92) €]
c(91,92) nglg2(1) 7;0(91792) ]

91 P}

’Voo

WN(gl 92)+C(91:92)'pg1g2(1) ngng(l). (5127)

w?\](gl g2) [

By associativity,
(v, ) =Y, (5.128)
g1

g2 9192’

which is equivalent to the twisted 1-coboundary relation

K(g1) - g, (1) + K(ga) — k(g1 o) = (91, 92) - pg, 4,(1)- (5.129)

We end with the invariance of x under projective equivalence. We are given projectively
equivalent representations U ~ U’ associated to the maps k and k" respectively. They are
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without loss of generality assumed to be in the normal form given by Proposition 8. Hence,
there is a map ¢ : G — U(1) such that

U'lz,g) = €99 Ulz,g],  ¢(g) =0. (5.130)

for all ¢ € G. As k’ and k are defined by conjugation of Y, and the phase factors e'¢(9)
commute with all operators, we must have the identity " = k. [

Projective representation of GG index v

We introduce our second classifying index v, which is analogous to the version presented in
Proposition 7 for the g = 0 case (m-even). Proposition 8 showed that a pair of projective
representations V', V' may always be brought into a equivalent normal form U, U’ respectively.
In particular, Eqgs. (5.87c) and (5.87e) showed that projective (in)equivalence depended only
on elements of G. The following proposition shows that there exists a well-defined 2-cochain
v measuring the projectivity of representations of G. In fact, v is nothing but the restriction
of U’s Schur-multiplier to G.

Proposition 10 (Classifying index v for odd m). Let U and U’ be projective boundary
representations of the protecting symmetries GFF = (Zy x G,+) as given in Definition
16. Without loss of generality, we may assume that they are in the normal form given by
Proposition 8. Then there exists a map

v:GxG—U() (5.131a)
that is implicitly defined by demanding that
U[0,9,] U0, go] = €992 Ule(gy, g, 91 9o (5.131b)

for all pairs g, 9, € G. Moreover, the function v has the following properties.

1. It is explicitly given by

eiy(glng) = U[17 6]_0(91’92) U[Oa gl] U[07 92] U[Oa ngQ]T' (5132&)

2. It is alternatively given by

V(gl7g2> = ¢1[(O>gl)>(07g2)]7 (5132b)
where ¢, is the Schur-multiplier taking values in R/27Z = U(1).

3. It is a (regular) 2-cocycle, i.e.,

(52V)(91792793> = v(gy, 93) —v(gy 92793) + (91,92 93) —v(91,92) =0, (5-1320)

where 62 is the (regular) 2-coboundary operator.
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4. If U ~ U’ are projectively equivalent, then their respective 2-cocycles v and v’ differ
by a (regular) 2-coboundary,

(v =V')(91:92) = (6"9) (91, 92) = 0(91) — @91 92) + (92, (5.132d)
where ¢ : G — U(1) is a 1-cochain (projectively relating U’ to U).

5. The equivalence classes of {v} associated to the set of projective representations {U}
is classified by the (regular) second group cohomology

[v] € H2[G,U(1)] (5.132e)
as defined in Appendix B.

Proof.  Existence of a 2-cochain satisfying condition (5.131) Given is a projective rep-
resentation U in its normal form given by Proposition 8§, i.e., it obeys the composition
rule

U[0,9,] U[0, go] = €14110:90:0:92)1 7 [e(gy, g5), g1 9. (5.133)
Define

v:GxG—R/2nZ,
(91, 92) = (g1, 92) = ¢1[(0,91), (0, g2)]-

We can view v as the “restriction” of ¢; to G x G. Equations (5.131) and (5.132b) have been
proved. Equation (5.132a) is a consequence of multiplying from the right Eq. (5.131b) by
Ule(gr,92)5 91 92)-

Proof of Eq. (5.132¢) Given are gy, gy, g3 € G. We are going to make extensive use of
associativity

(5.134)

(0,90 (0.92)) - (0,95) = (0.9) - ((0.92) - (0.95) ) (5.1350)
(U10,91)U10.9]) U10,g5] = U[0. 9] (U10,9,] U[0. g5 ). (5.135D)

On the one hand,

((O,gﬁ : (0792)> (0,93) = (0 + Pg,(0) +¢(91,92), 91 92) - (0,93)
pp0=0 = (c( 91792) 91 92) - (0,93)
= (C 915 92) + Pgng( )+ (91 92, 95), 91 92 93)
Pg1g2(0)=0 = (C (91,92) +¢c(91 92, 93): 91 92 93)‘ (5.136a)

On the other hand,

(0.91) - (0, 92)- <o,gs>) =

Pgo(0) =

0,91) - (0+ pg, (0) + (92, 93) 92 93)
=(0,91) - (c(92:93), 92 93)
(0+pg (¢(92:95)) + ¢(91,9293): 91 9 gg)-

= (pgl (C(g27 93)) +¢(915 92 93)5 91 92 93)- (5.136b)
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By associativity of the composition rule -,

c(91,92) + c(91 92, 93) = Pg, (C(QQa gg)) + (91592 93)- (5.136¢)
On the one hand, with the help of Eq. (5.134),

(U101 U[0, g2] ) U[0, g5

factorization —

associativity —

Eq. (5.134) —

factorization

associativity

projective composition

projective composition

Eq. (5.136a)

— eiV(gpgz) U[C(glng)a g1 92] [][O7 gg]
eil/(gpgz) ( [ 91,99 ,6] 0 g1 92 ) [07 93]
ev(91,92) 1 91792 ] (U 0 g1 92 0 g3]>

6iu(gl792)+w(gl 92:93) U[c(g ] U[C 91 92:93): 91 92 93]
= 1V(91:92) 111091 92:95) U[c(g, , g ) e] <U[C(91 92:93),€] U0, 9, g5 gg])

= V(91:02)11¥(91 92.5) (U[c(gl,g2), e] Ulc(91 925 93)- e]> U0, g1 g5 93]

= ¢V(91:92)+1(91 92,95) U[C<glv g2) + ¢(91 92, 93), 6] Ul0, 9, 95 93]
= e(91:92)+1(9192:95) Ue(gy, g5) + ¢(g1 G2+ 93)+ 91 G2 93]
 cvlonan i 025) U[(0, ) - (0,g3) - (0,95)]. (5.137)

On the other hand, with the help of Eq. (5.134),

U10.9,] (U10. 92 U [0, 95))

factorization —

associativity —

exchange

associativity
Eq. (5.134) with pgl(O) =0
factorization
associativity

projective composition
projective composition

Eq. (5.136b)

— 192293) [0, g,] Ulc(s 93)» 92 93]

192295 [0, g, ] (Ule(ga, 93), €] U10, 92 95
eiV(92:95) (U[o, 911 U[c(g2: 93), 6]) Ul0, 95 g]

= 029 (Ulp,, (c(g5.95)). €] U0, 91]) U0, g 5]
= eM92:93) Ulp, (e(gy, 95)), €] (U [0,9:]U10, 95 93])

= 192:95)1¥(91:92.95) Ulp | (c(gy, g3)), €] Ule(g1, 92 93) 91 9 93]
= ¢V(92:95)+1(91,92 93) U[Pgl (c(92:93)) €] (U[C(glaQQ 93),¢) U[0, 91 9o 93])

= V(92:93)+1¥(91,92 93) (U[Pgl (c(92,93)), €] Ule(g1, 92 93), e]) U0, g1 9 95

= V192:95)1¥(91:9295) Ulp  (c(gy, g3)) + (91,92 93), €] U[0, 91 9o 93]

— eiV(92a93)+iV(91:92 g3) U[pgl< (92’ 93)) (91’92 93), g1 9o 93]
=l iv(92,93)+iv(g1,92 93) U[ 0 gl) (O 92) (0 93)] (5138)

By the associativity (5.135b) of the operator product, we have found the identity

v(91,92) +v(9 92793) = ’/(92793) + (91,92 93)a (5.139)

which we rewrite as the 2-cocycle condition

(52 V) (91792793) = V<92793> - V(gl 92793) + V(gla.QZ gg) - V(gl7g2) = 0. (5-140)
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Proof of Eq. (5.132d) We are given the pair U and U’ of projective representations in
the factorized gauge. By assumption, they are projectively equivalent, i.e., there exists the
function

0:G—R/27Z,

(), (5.141)

such that
U’[0,g] = ¢“9 U[0, g] (5.142)

for all g € G. We have already shown that we may associate to U (U”) the 2-cocycle v (V).
Choose any pair ¢;, g, € G. On the one hand,

U'0,9,]U’[0, g5] = €909 U’ [e(gy, 95), 1 9]
= ¢1¥/(91,92)+160(91 92) Ule(g1,92)s 91 9o (5.143)

On the other hand,

U’ [07 91] U’ [07 92] = lf(91)+10(9>) U[Ov 91] U[O,g2]

= 091 11609:)11191.92) Ule(gy, g5), g1 G- (5.144)
It follows that
v'(91,92) +0(91 92) = 0(g1) + 0(92) + (91, g2), (5.145)
which we may rewrite as the 1-coboundary condition
v'(91,92) —v(91,92) = 0(gy) — 0(gy 92) + 0(g2) = (51 9) (91, 92)- (5.146)

The last claim follows directly from the previous two by definition of second group
cohomology.
]

Schur-Multiplier Decomposition

Having established that the modified 1- and 2-cocycles xk and v are well-defined, we are now
in a position to show that they do indeed classify the boundary projective representations
of the protecting symmetry group GFF. We do this by showing that the Schur-multipliers
¢, € C?[Z N x G,U(1)] and ¢y € C?[Z x G,U(1)] characterizing a projective representation
U (as in Definition 16) can be decomposed in terms of v.

By Proposition 8, we may assume U to be normal. In particular, the Schur-multiplier
associated to the generator of center Y vanishes ¢,. Let v be defined for U as in Proposition
10. Consider an arbitrary pair (z;,¢;), (29, 95) € Z% x G. By definition,

Ulzy, 9] Ulzg, go] = €9111:90Z2:0201 U [ (21, g1) + (29, 95)] (5.147)
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We then do the manipulations

Ulz1, 91 Ul 92 = {Ul(z1, €1 U100, 9001} { U0, )] U100, 921 }
wacsmsisy = U[ (21, ) {U[<o, 91)]Ul(25: 0)] } U1(0, 95)]
xchange o terms in ey bracker :{U 2,0 Ul(p, (), € }{U [0, g)]UT(0, gz)]}
_{U 21+ py, (22), }{ v(91.92) U[(c(gy, 4), 91 g2)]}
ctoraion = €1(01:92) U[<z1+pgl<z2>,e>]{U[< (91:92).€)1 U[(0, 91 9)] }
ey =992 LU[(2) + p,. (25),€)] Ul(elgy, 92). )] } UI(0, 1 g5)

— ¢¥(91,92) {U[(Zl + Py, (22) + ¢(91,92), €)]U[(0, gy 92)]}

= e91:92) U[(2, + Pg, (22) + (g1, 92), 91 92)]
= ¢¥(91,92) Ul(z1,91) * (22, 92)]- (5.1482)

);
¢)
)
(

Since the right-hand sides of Egs. (5.147) and (5.148a) must be equal, it follows that

el?11(z1:91):(22,92)] — (iv(91,92) ¢ U(l) = P [(Zlagl)v (2’2792)] = V<91792> mod 2.
(5.149)
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Chapter 6

Summary of results and outlook

The goal of this thesis was to generalize the boundary-based classification of one-dimensional
fermionic IT and SPT phases with a generic on-site symmetry group G from Ref. [31] to
parafermions (PFs). The central result in Ref. [31] was that any one-dimensional fermionic
IT or SPT phase with symmetry GF® is completely characterized by a triplet of indices

([(v, )], [u]) (6.1)

that encode the transformation properties of Majorana boundary degrees of freedom. The Z,-
valued index [u] records the parity of the number of Majorana modes localized on a boundary,
distinguishing between intrinsically fermionic phases ([u] = 1) and phases admitting purely
local fermionic Fock spaces on the boundary ([u] = 0). The remaining data [(v, p)] classify
projective representations of the symmetry group on the boundary and take values in suitable
cohomology groups determined by GFP.

The main result of this thesis is the construction of a classification in terms of a triplet of

indices
([(v, 5)], [1]) (6.2)

that encode the transformation properties of parafermionic boundary degrees of freedom
protected by the parafermionic symmetry group G*F. Hereto, the Z,-valued index [u] records
the parity of the number of parafermions on the boundary, distinguishing between intrinsically
parafermionic phases ([u] = 1) and phases admitting purely local parafermionic Fock spaces
on the boundary ([u] = 0). The remaining data [(v, k)] classify projective representations
of the symmetry group on the boundary and take values in suitable cohomology groups
determined by GPF. In particular, the index v classifies the projective representation of the
symmetries GPF /ZRF | while the index k describes how these are married to the intrinsic
parafermion charge symmetry.

We have defined, generalized, and rigorously characterized key structures of parafermionic
systems, such as the local and global charge as well as their conjugation. The contents of
this thesis thus establish a robust and complete foundation, from which we have begun to
study the following open problems.

1. By design, IT and SPT phases are stable to “stacking”, by which is meant that the
classifying topological indices accommodate a group composition law.! For example,

I This is one rational for the use of the adjective invertible in “invertible topological phases”.
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consider two decoupled Kitaev chains. Stacking them means that we take the tensor
product of the domain of their Hamiltonians and we define a new Hamiltonian through
the direct sum. Stacking n Kitaev chain in the symmetry class D produces a Hamiltonian
that realizes the IT topological phase n mod 2. References [31] derived the stacking
rules of the fermionic indices

([(v, )], [u])- (6.3)
What are the stacking rules of the parafermionic indices
([(v,K)); [1)? (6.4)

. Unlike in Ref. [31], we assumed in this thesis that the symmetry group GFF is represented
by unitary operators. As complex conjugation implements the map

wy — (W) = (WN)N*1 ) (6.5)

imposing a symmetry in an anti-unitary way is related to understanding the effects of
transformations under which
wy — (wy)" (6.6)

for some a € Z ;.

. We defined our order-N parafermion algebras by fixing wy := exp(27i/N). Could
we have chosen another primitive N-th root of identity? Can we construct C-algebra
isomorphisms between them that are on-site?

. Is there a C-algebra isomorphism such that

1%

k
PR 7. (6.7a)
=1

where we make use on the right-hand side of the prime-power factorization
N =k p;i? (6.7b)

Can we understand this from a mathematical point of view in terms of the Chinese
Remainder Theorem? Is this related to the stacking of parafermionic phases?

. How do we include symmetries that are not on-site, say translation or reflection
symmetries?

. Can we construct explicit parafermionic Hamiltonians that realize parafermionic IT
and SPT phases.
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Appendix A

Integer modulo N rings

We introduce some elementary results for arithmetics modulo IV in the language of algebraic
rings and related facts from number theory. A detailed treatment is be found in Lang [51].

General properties of integer modulo N rings.
Definition 20 (Groups). A group (G, ) is a set G equipped with a binary operation
:GxG—G (A.1)
such that:
e associativity: (a+b)sc=a-+(b-c),
o identity: Je € G withesa=a-e=a,
o inverses: Va € G, Ja ! € G witha-a ' =a't.a=c.

Remark 33. A group G is said to be Abelian if the group operation is commutative, i.e.,
a+*b=">b-a for all a,b € G. In this case it is common to write ‘+’ for group product and ‘—a’
for group inverse if a € G.

Example 11 (The additive group Z ). For an integer N > 1, define
Zy =110}, [}, ..., [N = 1]} (A.2)

as the set of equivalence classes [a] under a ~b <= N | (a —b) (N divides (a —b)). With
addition

[a] + [b] == [a + 0], (A.3)
(Z ,+) is a finite Abelian group. It is isomorphic to the cyclic group of order N.

Definition 21 (Rings). A (unital) ring (R, +,-) is a set R with two binary operations such
that:

e (R,+) is an Abelian group,

e (R,-) is a monoid, meaning that:
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— the multiplication ‘-’ is associative,

— there is an element 1 in R such that a-1=1-a = a for all @ in R (multiplicative
identity)

o distributivity holds: a(b+ ¢) = ab + ac, (a + b)c = ac + be.

Remark 34. Note that there need not exist a multiplicative inverse for every element. A
non-trivial ring where every non-zero element has a multiplicative inverse is called a division
ring. If additionally the multiplication ‘-’ is commutative, then the ring is called a field.

Example 12 (The integer modulo N ring Z/NZ). Define multiplication on Z , by
[a] - [b] == [ab]. (A4)

Then Z/NZ := (Zy,+,-) is a commutative ring with unit [1]. We will drop the equivalence
class bracket ‘[ |” when it is clear from the context that we are considering integers modulo

N.

Definition 22 (Units and zero-divisors). Let R be a ring.
e u€ Risaunitif Jve R with uv =vu =1.
e a € R\ {0} is a zero-divisor if 3b # 0 with ab = 0.

The set of all units
R*:={ueR| Jut e R} (A.5)

forms a group under multiplication.
Proposition 11 (Units and zero-divisors in Z/NZ). Let a € Z/NZ.
e aisaunit < ged(a, N) =1 (a and N are coprime).
e ais a zero-divisor <= ged(a, N) # 1 and a # 0 mod N.
e Z/NZis afield <= N is a prime number
e Nis a prime number = (Z/NZ)* is isomorphic to the cyclic group of order N — 1.

e |[(Z/NZ)*| = ¢(N), where ¢ is Euler’s totient function counting the positive integers
that are smaller and coprime to N.

Here, gcd(a, N) denotes the greatest common divisor of a and N.

Proof. Bézout’s identity [52,53] states that if a, b are integers with ged(a,b) = d, then there
exists integers x, y such that

ax + by = d. (A.6)
Applied to the case where a < b = N yields:

ged(a,N) =1 <= Jx,yeZ: ax+ Ny=1 (A.7)
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— ar+ Ny=ar=1 mod N. (A.8)

If ged(a,N) =d > 1, then a- ¥ =0 mod N with & + 0.

The remaining statements follow from by counting coprime numbers and using the fact
that any group with a prime number of elements is isomorphic to the corresponding cyclic
group. [

Remark 35. The Fuclidean algorithm allows one to efficiently compute ged(a, N). The related
extended Euclidean algorithm yields the multiplicative inverse a~! of a unit a € Z/NZ.

The multiplicative inverse of a unit in Z/NZ may be easily computed using the Euler’s
totient function (assuming one has a a table of values at hand). We cite one of Euler’s many
theorems.

Theorem 1 ((Fermat)-Euler Theorem). If a and N are coprime positive integers, then
a?™ =1 mod N, (A.9)
where ¢ is Euler’s totient function.

Corollary 3 (Multiplicative inverse via Euler’s totient function). Let a € Z/NZ be a unit.
Then
a ! =a*WN)-1 c7/N7. (A.10)

Remark 36. The special case where N is prime is known as Fermat’s little theorem. Pierre
de Fermat first stated it in a letter from 1640, and provided the following compact proof [54]:

“Et cette proposition est généralement vraie en toutes progressions et en tous
nombres premiers; de quoi je vous envoierois la démonstration, si je n’appréhendois
d’étre trop long.”

Euler provided the first published proof in 1736 [55] (although Leibniz had provided an
unpublished version sometime before 1683). Almost thirty years later, Euler generalized the
proof to the general non-prime case [56].

Structure of integer modulo N rings We state some structure theorems for finite
Abelian groups and rings modulo integer N. These allow us to decompose arithmetic modulo
N problems into simpler sup-problems.

Theorem 2 (Fundamental theorem of finite Abelian groups, Kronecker [1870]). 1. For two
integers n, m >, the cyclic group decomposes into the direct sum

2y =2, X2, < gcd(n,m)=1. (A.11)

nm —

2. Let G be a finite Abelian group of order |G| = N. Suppose N has the prime power
decomposition N = Hp p"r, where the product runs over the distinct prime numbers p

dividing N. Then G is isomorphic to a direct sum of the form
a=1] (prm o szw) , (A.12)
P

where A, ; are positive integers such that

>\p,1 Z )\p,2 Z 2 )\p,Tp Z 17 )\p,l + Ap,Z + - + )‘p,rp - np' (Alg)
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The finite case was first proven by Leopold Kronecker in 1870 [57]. It was generalized to
finitely generated Abelian groups by Emmy Noether in 1926 [58] (using only 14 lines).

Example 13 (Classification of some finite Abelian groups). Some examples for the classifica-
tion of finite Abelian groups follow.

1. There exists up to isomorphisms exactly one Abelian group of order 15:

Lo =lq %X 1s. A14
6 3 5

2. There exists up to isomorphisms exactly two Abelian groups of order 4:

Ly, 2oy X Zs. (A.15)

3. For every prime number p, there exists up to isomorphisms exactly one Abelian group
of order p:

Z,. (A.16)

4. For every prime power p™, there exists up to isomorphisms exactly p(n) Abelian group
of order p™, where p(n) is the (number theoretical) partition function representing the
number of possible partitions of a non-negative integer n.

We state a similar theorem relating to the decomposition of modulo integer N rings into
direct sums [59,60].

Theorem 3 (Chinese Remainder Theorem, Qin Jiushao (RJLEH) [1247]). Let nq, ..., n, > 2

be pairwise coprime (gcd(n;,n;) = 1) integers greater than two, often called moduli. Define

N = Hle n; to be the product of the moduli.

o Let ay,...,a; € {0,1,....N — 1} be another set of integers defining the system of
congruences

r=a; modng,
(A.17)
x =a;, mod ng,

where z > 0 is an unknown non-negative integer. Then there exists a solution x to
the above system of congruences. Moreover, if z,z, are two possible solutions, then
ry = x5 mod N.

o In term of algebraic rings, this is equivalent to the statement that the map
xmod N + (xz mod nq, ...,  mod ny) (A.18)

defines a ring isomorphism, yielding

7/N7 = ﬁ 7 /n,Z. (A.19)

=1
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Corollary 4 (Structure of (Z/NZ)*). Let
N = Hprp
P
be the prime power decomposition. Then

Z/NZ = []z/p~z.
p

R

and

(z/Nz)* = []@/p2)".

p

(A.20)

(A.21)

(A.22)

We state the following theorem partly due Gauss which in combination with the above

corollary lets us compute general unit groups of integer modulo N rings.

Proposition 12 (Prime power unit groups (Z/p"Z)*). We consider the unit group (Z/p"Z)*

of rings of integers modulo prime powers p” (r > 1).

o For generic prime powers,
(Z/p"Z)*| = p(p") =p" ' (p—1).
o (Z/p"Z)* is cyclic if p is an odd prime. More generally,
(Z/nZ)* = Lyrip1y <= n=1,24p" 2p",
where p is an odd prime and r > 1

o For powers of p = 2,

(2)22)* = {1}, (Z/42)* ~Z7,, (Z/2'Z)" =7, x Ly > (r>3).

Example 14 (Solutions to a® = 1 mod N.). We solve
a?>=1 mod N.

Using the Chinese remainder theorem, this reduces to solving
a?>=1 mod p"»

for each factor in the prime decomposition of N = Hp pr.
Prime powers.

o For odd primes p:
a=+1 mod pr.

e Forp=2:
ry=1: a=1 mod 2,
ry=2: a=41 mod 4,
ro >3: a=+1, +(1+2"71) mod 2",
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General solution. The full solution set is obtained by combining the solutions for each
prime power via CRT. Hence, the number of solutions equals

H Sps (A.30)

where s,, is the number of solutions modulo p"».
In particular:

o each odd prime factor contributes 2 solutions,
« the 2-power contributes 1,2, or 4 depending on r,.

Example 15 (Solutions to a® = 1 mod 12). Let N = 12 = 22 - 3. We solve
a?=1 mod 12.

We proceed via the Chinese remainder theorem.
Step 1: Reduction to prime powers. We solve the congruences

a>=1 mod 4, a>=1 mod 3.
Step 2: Solutions modulo 4.
a?=1 mod4 < a=+1 mod 4.
Step 3: Solutions modulo 3.
a?=1 mod3 < a=+1 mod 3.
Step 4: Combine via Chinese remainder theorem. We combine all choices:
(a mod 4, a mod 3) € {£1} x {£1}.

Solving each system yields:

(I,1) = a=1 mod 12,
(1,—-1) = a=5 mod 12,
(—1,1) = a=7 mod 12,

(—1,—-1) = a=11 mod 12.

Conclusion. The solutions are

a=1,57,11 mod 12.
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Appendix B

Group cohomology

We introduce the algebraic notions necessary to define group cohomologies. Let M be a
G-module via group action p in this section. We refer to [61] for a complete study of the
cohomology of groups.

Definition 23 (Group actions and G-modules). Let (G, -) be an arbitrary group and let
(M, +) be an Abelian one. A group action of G on M is a group homomorphism

Pyt G — Aut(M), (B.1)

where Aut(M) is the group of automorphisms of M. We say that M is a G-module via the
group action p.

Example 16 (Examples of G-modules). » Let GG be a group and V'be a vector space over
some (algebraic) field K. A representation U : G — GL(V) makes Vinto G-module.

e Let G =27, and M = Zy be the order-2 and order-N additive cyclic group. The map

z, if g=0,
py(2) = {_Z fg—1 (B.2)

is a group action and makes Z, into a Z,-module.

Lemma 12 (Properties of group actions). Let M be a G ,-module via a group action p. Then

py(my +my) = p,(my) + p,(msy) (B.3a)
p,(0) =0 VgeG (B.3b)
Pg, (Pg, (M) = Py, g, (M) (B.3¢)
p.(m)=m Vm e M. (B.3d)

We enumerate all possible G-module structures for the integer modulo N group Zy. In
particular, the group actions are nothing but multiplication by coprimes of V.
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Lemma 13 (Group actions on Zy). Let p.) be a group action of G on Zy. Then, for all
g € G, there exists

a,=1,..,N—1, ged(a, N) =1, (B.4a)
such that for all z € Z
py(2) =2z-py(1) =2-a, € Zy. (B.4b)
In particular, for g, g, € G,
Qg * Qg =g, mod N. (B.4c)

Proof. By definition, p.) is a group homomorphism
Hence, for all g € G,
Py (2) = py (Z 1) =D prg(1)=2z-p,(1), (B.5b)
i=1 i=1

using p, € Aut(Z ). Moreover, automorphisms preserve the order of group elements, whence
ord(p,(1)) = ord(1) = N. (B.5¢)

Since ord(a) = N if and only if ged(a, N) = 1, we infer that
py(2)=2z-p,(1)=2z-a, forsome0<a, <N, ged(a,, N)=1. (B.5d)

The second statement follows from the fact that p(., is a group homomorphism, i.e., pg °p, =
p 9192

Remark 37. Tt follows as a corollary that Aut(Z,) = (Z/NZ)*, where the latter is the unit
group of the integer modulo N ring Z/NZ from Appendix A.

Definition 24 (n-cochain). For a G-module M, a n-cochain is a map

p:Gx-xG—M,
n times (BG)
<91’g27"'7gn> = ¢(gl7g2a”' agn>'

The set of all n-cochains from G™ to M is denoted by C™[G, M]. By convention, C°[G, M| :=
M. By endowing this set with pointwise addition as well as the appropriate inversion map
for the cochains ¢, we inherit from M the Abelian group structure (C"[G, M],+). We will
use the shorthand —¢ for the inverse of ¢ € C"[G, M].

Definition 25 (Coboundary Operator). Let the p be the group action of the G-module M.
The coboundary operator §; is defined as the group homomorphism

5 s CMG, M] — C" (G, M],

6> (76), (B1)
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that maps n-cochains to (n + 1)-cochains such that

(5g¢><gl>”"gn+1) pg1<¢<92"”’gn+1>>
+Z gl? G5 gz—&-l’ : 7gn+1) (BS)

— (—1) G(g1,+ 5 Gn)-

Example 17 (Coboundary Operator for n = 1).

(65¢) (91,92) = Py, (6(92)) + (=1) (g1 - 92) — (1) (g1
=g, (0(92)) — ¢(g1 - g2) + D(1)- (B.9)

Example 18 (Coboundary Operator for n = 2).

(5§¢) (915 925 93) =Py, (9(9a,93)) + (—=1)'¢(91 - 92,93) + (=1)°0(g1, 95 - 93)
- (—1)2 ?(91592)
= Pg, (0(92,95)) — (91 - 92, 95) + ¢(91: 92 - 93) — P(91, 92)- (B.10)

Definition 26 (n-cocycles, n-coboundaries). For G, M, p, 4, as above, we define the set of
n-cocycles

Z"G,M,] :=ker(6}) = {¢p € C"(G,M) | 67¢ = 0}, (B.11)

and the set of n-coboundaries
B”[G,Mp] = im(éﬁfl) = {(;S eC™"(G,M) | ¢ = (5;“1¢’, Q€ C"fl(G,M)}, (B.12)

with the convention

B°[G, M,)] == 0. (B.13)

We noted the p-dependency of the action of the coboundary operator 67 on M above by
writing M,. From the first group isomorphism theorem as well as the fact that Cc"(G,M) is
Abelian, we conclude that both the n-cocycles and n-coboundaries form normal subgroups of
the n-cochains.

The role of the coboundaries becomes clear when considering

Proposition 13 (Coboundaries as Normal Subgroups of Cocycles). For n € N let Oy
Z"|G, M,] and B"[G, M ] be the coboundary operator, n-cocycle and n-coboundary group
respectively. Then

R L ) (B.14)

holds. This is equivalent to 4, o 5;}_1 = 0. Moreover, the n-coboundaries are a normal
subgroup of the n-cocycles,

B"[G, M,) 9 Z"(G, M,). (B.15)
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To conclude, we define the

Definition 27 (n-th Cohomology Group). The n-th cohomology group is defined as the
quotient of the n-cocycles by the n-coboundaries,

H"[G, M,] := Z"[G, M,]/B"[G, M,)]. (B.16)

By Proposition 13, this quotient is well-defined.

Remark 38 (Terminology). Constraints of the form 0, ¢ = 0 are called n-cocycle conditions.
We shall encounter in this work cocycle conditions deviating from the reqular ones defined
in this appendix, e.g., by Egs. (B.9) and (B.10). When the individual addends match up
to multiplicative factors (e.g., Eq. (5.39d)), we say that we have a twisted cocycle condition.
If the there is an additional non-cochain term (e.g., Eq. (5.52¢)), we say that the cocycle
condition is modified.

To end, we consider the following remark regarding a more general definition of the
cohomology group from algebraic topology.

Remark 39 (Cochains and Cohomology in Algebraic Topology). We sketch an alternative
definition that is more commonly used in algebraic topology, cf., [62]. First, we define a
cochain complezr (A,,d,) as a sequence of Abelian groups -+ A, Ay, Ay, As, -+ connected by
homomorphisms, so-called coboundary operators, d,, : A,,_; — A,, such that d,, od,_; = 0.
We may represent a cochain complex as

dy dy dqy ds dy
o= Ag— A — Ay — Ay — (B.17)

As one can see, for a group G and Abelian group M, the n-cochains C"[G, M| defined in
Definition 24 fulfill the requirements of the Abelian groups A,,. The same holds for the
coboundary operator ¢, from Definition 25. Finally, the cohomology group is defined as

H™ := ker(d™)/im(d™ '), which coincides with our definition through the cocycle group
Z"|G, M,] and coboundary group B"[G, M,)].
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Appendix C

Group extensions

We review the definition of group extensions and present a classification result. Our goal
is to give a general factorization of a non-simple group G into a normal Abelian subgroup
K and quotient G/K. We follow the presentation of Ref. [63]. We refer to Ref. [64] for
a more pedagogical treatment of the underlying mathematics and the relevant appendix
of Ref. [65] for a compact review tailored to symmetry topological field theory, i.e., an
invertible topological field theory equipped with a global symmetry and a consistent coupling
to background symmetry gauge fields.

Given a group G with normal subgroup K, the quotient G/ K captures part of the structure
of G, and one may view G as being built from K and G/K in a way that is generally more
subtle than a direct product. The study of group extensions asks the inverse question: given
a group K and a group ), what can be said about the possible groups G containing K as a
normal subgroup with quotient G/K = Q. This is known as the extension problem, and was
first stated by Otto Holder [66] in 1889:!

Zu der Aufgabe, eine Gruppe in zwei Factoren zu spalten, kann man sich
die umgekehrte stellen: Gegeben zwei Gruppen als Factoren, aus denselben eine
Gruppe als Product zusammenzusetzen. Diese Aufgabe lasst manchmal mehrere
Losungen zu, ich hoffe die selbe bei einer anderen Gelegenheit zu behandeln.

Definition 28 (Group extensions). If K and ) are groups, then a (group) eztension of Q) by
K is a group GG with a normal subgroup K such that

K, =K, (C.1a)
G/K, = Q. (C.1b)

We say that G is an extension of Q) by K.
An extension of Q by K is said to be split if there exists a group homomorphism s : Q — G
such that the composition

Q— G G/K, (C.2)

is the identity map on @, where 7 : G — G/ K denotes the canonical projection. Otherwise,
the extension is said to be non-split.

1See Ref. [67] for a historical overview.
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An extension of (Q by K is said to be a central extension if the normal subgroup K lies
in the center of G.

Remark 40. It is common to find the reverse terminology extensions of K by Q.

Example 19 (Direct product as trivial group extension). Any direct product K x @ is a
trivial extension of @ by K (in both terminologies). This serves as the definition of a trivial
extension: An extension of () by K is trivial if it is the direct product K x Q.

Example 20 (Semi-direct product as split group extension). Any semi-direct product K x @
is a split extension of @ by K.

Example 21 (Discrete Heisenberg group as non - split central extension). Let

1 0 ¢
KZN{(O 1 O)

0 01

1 a O
Q—Z2N{(O 1 b)

0 01

The discrete Heisenberg group (sometimes called the integral Heisenberg group)

1 a ¢
G{(O 1 b)
0 0 1

is a central extension of Z2 by Z that is non-split. It is a non-Abelian group.

ce Z} (C.3)

and

a,b e Z} (C4)

a,b,c € Z} (C.5)

Example 22 (The group Zg). The group Zj is also a central extension of Z, by Z, that is
non-split, thereby demonstrating that non-trivial extensions need not be non-Abelian.

Group extensions may be equivalently described in terms of short exact sequences.

Definition 29 (Short exact sequences). Let

fi- fi

be a sequence of groups and homomorphisms. The sequence is called exact at A, if
im(f; 1) = ker(f;). (C.6b)

It is called a short exact sequence if it is exact at every term A,.
A sequence of groups and homomorphisms

1o NSEL G, (C.6c¢)

where ‘1’ denotes the trivial group {e}, is called short ezact if it is exact. It follows from the
isomorphism theorems for groups that

¢ is injective, 7 is surjective, ker(w) = im(z). (C.6d)
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Proposition 14 (Equivalent definition of group extensions via short exact sequences). An
extension of a group @) by a group K is a short exact sequence of groups

15 K5 G5 K —1, (C.7)
where ¢ is injective, 7 is surjective, and ker(w) = im(:) = K.
This allows us to define a notion of equivalent extensions.

Definition 30 (Equivalent group extensions). Let

1-K—-G—->0Q—1 (C.8a)
be an extension of Q by K. A second extension

1-K—->G —-Q—1 (C.8b)

is said to be equivalent to the above if there exists a group homomorphism G — G’ such
that the diagram
1 - K - G - Q — 1

I 4 H (C.8¢)
1 - K - G —- Q — 1

commutes. Such a map is necessarily an isomorphism.

The extension problem asks, given two groups K and @, to classify all group structures
G that fit into a short exact sequence

1-K—-G—=Q —1,

up to the notion of equivalence introduced in Definition 30. One should therefore ask what
is meant by “determining” the structure of such groups.

For our purposes, this amounts to classifying all possible group laws on G that realize K as
a normal subgroup with quotient isomorphic to ), modulo group isomorphisms. Definition
30 thus naturally leads to the problem of classifying equivalence classes of group extensions.

This problem was solved by Otto Schreier in 1926 [68], who showed that group extensions
of @) by K up to equivalence are classified by suitable ‘factor systems’ In modern language,
these equivalence classes are described by the second cohomology groups H? [Q, K p].

We restrict ourselves to extensions of Q) by Abelian groups K. We proceed by constructing
from Q and K a well-defined class of group extensions. We then conclude that our construction
exhausts all possible group extensions (up to isomorphism) by citing Schreier’s theorem.

Definition 31 (Group extension associated to a cocycle (p,c)). Fix the additively written
Abelian group K and general group (). Let the group homomorphism

p:Q — Aut(K) (C.9a)
define an action of () on K, and let

c:QxQ— K (C.9b)
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be a normalized 2-cocycle, i.e.,

Pq, (€825 G5)) — (4142, 93) + ¢(q1,4293) — ¢(q1,92) =0 (C.9¢)

for all ¢, g5, g3 € @ with the normalization conditions
c(q,e) =c(e,q) =0 ( = c(e,e) = O) (C.9d)
for all ¢ € Q. Define on K x @) the binary operation
(k1 qr) « (kg, ) = (kl + pg(k2) + cla1,42), &1 Cb) : (C.9)

The pair (p, c) is known as a factor system.

Proposition 15 (Properties of group extensions associated to a cocycle (p,c)). Let
Gloe) = (K xQ, )

with the binary product ‘*’ given in Definition 31. The following statements hold.

1. G, is a group.

psc)
2. K x {e} is a normal subgroup of G, .
3. K=K x{e} and Q= G, /(K x {e}).

Hence, G, .

Proof. 1. We begin with the proof that G|

) Is a group extension of Q by K.

p,c) 18 a group.

Associativity Let (k,q), (ky, q2), (k3,q3) € K x Q. On the one hand,

((k15q1) = (kgyqa)) * (K3, 43)
- (kl + pql(k2) + C(%»%)a Q1Q2) y (k37QS)

= (k1 + Py (ke) + €1, @2) + Pyg (k) + (0102, @), 010203). (C-108)
On the other hand,

(k1 qr) « ((Fas q2) + (K3, 03))
= (k1,q1) (kz + pgy(ks) + ¢z, a3), Q2CI3)

<k1 + pg, (ko + pg k) + (g2, 45) ) + (41, 4205), q1q2q3>

= (kl + 0g,(K2) + Py, q,(R3) + g, (€(d2,43)) + (41, 4203), qlngg),

(C.10b)
where we used that p is a group action, i.e.,
Pg,° Pgy = Pq,qy- (C.10c¢)
Thus, associativity reduces to the equality
c(q1,q2) + (4192, 03) = pg, (c(d2,93)) + ¢(q1,923), (C.10d)

which is exactly the 2-cocycle condition. Hence « is associative.
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Identity We claim that (0, e) is the identity element, where 0 denotes the neutral
element of K and e that of Q). Indeed, for every (k,q) € K x Q,

(0,€) + (k;q) = (04 pe(k) + c(e, q), eq) = (K, q), (C.11a)
since p, = id and c(e, q) = 0. Likewise,
(k,q) (0,e) = (k+ py(0) +c(q,e), ge) = (k,q), (C.11b)

since p,(0) = 0 and ¢(q, e) = 0. Therefore (0, e) is the identity.

Inverse Let (k,q) € K x Q. We claim that

(k,q) 7' = (=pgr(k+clg,qg ), qt). (C.12a)

First, we compute the right product,

(kyq) s (—pgr(k+c(e,at)), a7 ) (k: + py(—pg1(k+clg,qt))) +clg,q ), e)

(k= (b +ela,a) +claa ), e

=(0,€).
(C.12Db)
To verify the left product, we first derive the identity
(gt q) = pgalcla,qh)). (C.12¢)
Indeed, applying the cocycle condition to (¢71,q,q!) yields
Py (e(g,q)) —cle,g) +e(gte) —elgt,q) =0, (C.12d)

and normalization gives c(e,q ') = c¢(¢~!,e) = 0, proving the claim. We are ready to
compute the left product,

<_pq—1 (k‘ + c(q, q_1)> ; q_l) ¢ (kv Q)
- <_pq*1 (k + (g, q_1>> T Py (k) + C(q_l’ 9), 6)
= (—pq—1 (clg;q7)) +clg ™, q), 6)
— (0, 6). (ClZe)

Hence the displayed element is both a left and a right inverse of (k, q).

We have shown that « is associative, that (0, e) is an identity, and that every element
admits an inverse. Therefore G|, ) = (K X Q,) is a group.

2. We move to normality of K x {e}. We first show that K x {e} is a subgroup.
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Closure Let (kq,e), (ky,e) € K x {e}. Then
(klv 6) ¢ <k27 6) = (kl + pe(kQ) + C(@, 6)7 66) = (kl + kQa 6) ) (013)

since p, = idg and c(e,e) = 0. Hence the product again lies in K x {e}.

Identity The identity element of G, ) is (0,¢), and clearly
(0,e) € K x {e}. (C.14)

Inverses Let (k,e) € K x {e}. By the inverse formula in G, .,
(k,e) L = (—p (k + cle, ) eY). (C.15)
Since e ™! = ¢, p, = idy, and c(e, e) = 0, this becomes
(k,e)™! = (—k,e) € K x {e}. (C.16)

Thus K x {e} is a subgroup.

Normality Let (k,q) € G(, ) and (k',e) € K x {e}. We show that

C

(k,q)+(K',e)+(k,q)~t € K x {e}. (C.17)
First,
(k,q)« (K'.e) = (k+ py(k') +clg. €), ge)
— (k+ (), ). (C.18)
since ¢(gq,e) = 0. Next, using
(k,q) "' = (—pgr(k+claa). a7 t), (C.19)
we obtain
(k+py(K), q)« (—pga(k+clg,q7 ")), q7t)
(k +pg(K) + pg(=pga (k+clg,q7h))) +elgga7h), 6)
(C.20)
:<k+pq —(k+clg,qh) + (g, g h), e)
= (p(K), €) .
Since p, € Aut(K), we have p (k') € K, and therefore
(k,q)+(K',e)(k,q) ! = (,oq(k:’),e) € K x {e}. (C.21)

Hence K x {e} is normal in G, .

3. We prove the two statements separately.
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Step 1: The groups K and K x {e} are isomorphic Define

t: K — K x{e}, ks (k,e).

(C.22)

This map is clearly bijective. It remains to check that it is a group homomorphism.

For ky, k, € K,
Ly + ky) = (ky + kg, €).
On the other hand,

u(ky) = t(ky) = (ky,e) « (kg e)
= (ky + pe(ka) +cle,€), ee)
(ky + ko, ),

since p, = idg and c(e,e) = 0. Hence
ki +ky) = t(ky) = 1(ky),
S0 ¢ is an isomorphism. Therefore

K = K x {e}.

Step 2: The quotient G, /(K x {e}) is isomorphic to @ Define

TGy = @ (k,q) — q.

We first show that 7 is a group homomorphism. Let (k1,q), (k2,q2) € G(, .

m((ky,q1) * (kg 43)) :7T<k1 + pg, (k) + (41, G2), CJ1CI2>

=dq1 45
:W(k1aQ1)W<kzaQ2)-

Thus 7 is a homomorphism. It is surjective, since for every ¢ € @ one has
m(0,9) = q.
Its kernel is given by
ker(m) = {(k,q) € Gpe) | a = €} = K x {e}.
Therefore, by the first isomorphism theorem,
G/ (K x{e}) = Q.

This proves the claim.
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As we saw in the proof, the associativity of groups constrained ¢ to be a 2-cocycle in
Z%Q, K ,|- In view of the group cohomology discussed in Appendix B, one is tempted to
ask what happens to c if is shifted by a coboundary, i.e.,

¢ :=c+ b, beC'Q,K,). (C.32)
It turns out that the resulting groups are isomorphic,
G(C/7p) g G(C’p). (C-33)

In essence, changing ¢ by a coboundary amounts to changing the representatives of ) in
G,,c)- Note that this shows that choosing ¢ to be a normalized 2-cocycle does not lead to a
loss of generality.

We omit the proof of the above fact, and state the full classification result for extensions
by Abelian groups.

Theorem 4 (Classification of group extensions by Abelian groups, Schreier [1926]). Let K be
an Abelian group and @ a general group. Fix a group action p of @ on K. The set of group
extensions of ) by K giving rise to the group action p are in one-to-one correspondence with
the second group cohomology

H?[Q,K,)]. (C.34)

Corollary 5. Given is an Abelian group K and a general group (). All group extensions of
Q@ by K are isomorphic to
G(p,c) = (K X Q, ') <C35)

for some group action p : Q — Aut(K) and 2-cocycle ¢ € Z? [Q, Kp].

Remark 41. We conclude with some nomenclature . Let p be a group of @ on K and let
[c] € H? [Q,K p] denote the equivalence class of a 2-cocycle ¢. We say that the group
extension of () by K isomorphic to the group G, . is

e trivial, if [¢] = 0 and p(y = Id. This corresponds to direct products K x Q.

o central, if if [¢] # 0 and py = 1d. This corresponds to groups where K is a subgroup
of the extension’s center (elements of K commute with all other group elements).

o split, if [¢] = 0 and P # Id. This correspond to groups that can be written as
semi-direct products K X Q.
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Appendix D

Projective representations

We introduce the theory of linear and projective representations of groups. The classification
of projective representations is stated in the group cohomology framework of Appendix B.
We then explain why projective representations are warranted in the context of quantum
mechanics. In particular, we show how the results of Appendix C can be used to realize
anti-unitary projective representations. We refer to [63] for an in-depth study of projective
representations in the context of group cohomology and extensions.

In the main body of this thesis, we will introduce projective representations which allow
non-scalar central factors.

Projective Representations of Groups

We begin by defining linear and projective representations of a group G.

Definition 32 (Linear representation). A linear representation of a group G onto a vector
space V'is a group homomorphism

p: G — GL(V), (D.1)

ie.,
p(g) p(h) = p(gh), (D-2)
holds. Here, GL(V') is the set of invertible matrices over V.

We recall that the center of a group is the collection of elements that commute with all
other elements of the group. This set is a normal subgroup. For a vector space V over a field
F, the center of GL(V) is the set F* = {rl|r € F\ {0}}, where [ is the identity on V.

Definition 33 (Projective representation). A projective representation of a group G on a
vector space V'is a group homomorphism

p:G— GL(V)/F*, (D.3)
where F™* is the center of GL(V'). In more concrete terms, this is a map

p G — GL(V), (D.4)
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satisfying the group homomorphism property up to a multiplicative constant, i.e.,

p'(9) p'(h) = c(g,h) p'(gh),  Vg,heG, (D.5)

where ¢ is a map from G x G to K* := K\ {0}. Here, K is the underlying field of the vector
space Vand 0 € K is its additive identity.

Remark 42. We shall call a map c satisfying Eq. (D.5) the Schur-multiplier of the projective
representation p. As will be shown, Schur-multipliers can be identified with elements of the
second group cohomology. In the mathematical literature, the term ‘Schur-multiplier’ refers
not to a single 2-cocycle ¢, but to its entire equivalence class [c].

If ¢ = 1, then the projective representation is a linear one. Moreover, since K* is a group,
we see that ¢ is in fact a 2-cochain when taking the trivial group action, see Definition 24.
In fact, due to the associativity of GL(V'), we have the following lemma.

Lemma 14 (Projective representations and 2-cocycles). The Schur-multiplier associated to
a projective representation is a 2-cocycle.

Proof. Let ¢ be the 2-cochain for a trivial group action associated to a projective representation
p. Since GL(V') is associative, for any g, h, k € G,

0= (pl9) p(h)) p(k) = plg) (p(h) p(k) )
= — (elh, k) clg, h k) = e(g,h) clgh,k) ) plgh k), (D.6)

whence

C(hvk) C(g,hk) _C(g7h') C(gh7 k) =0 <D7)
must hold. By Definition 26 and Example B.10, we conclude that ¢ is a 2-cocycle. [

Remark 43. Can a projective representation be recovered from a linear one and vice versa? If
we begin with a linear representation p : G — GL(V'), we can find a projective representation
p of G by composing

- p

p: G — GL(V) — GL(V)/F*, (D.8)

where F™* is again the center of GL(V') and ¢: GL(V) — GL(V')/F* is the canonical projection
into the quotient. The reverse process is called lifting a projective representation of a group
to a linear one. In general, this is not possible. However, sufficient conditions to do so can be
found using group cohomology.

Let us define projectively equivalent representations.
Definition 34 (Equivalent projective representation). Let V}, V, be two vector spaces over a
shared field K. Two projective representations p;, p, of a group G onto V; and V, respectively

are called equivalent, if there exists a vector field isomorphism F': V; — V, and a function
0 : G — K> such that

Fpi(g) - v1) = 0(g)(pz - F(v1)) (D.9)

This is an equivalence relation.
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In essence, two projective representations are equivalent if they are the same modulo a
multiplicative factor as well as a change-of-basis transformation. As the name indicates, this
is an equivalence relation on the set of projective representations of a group G on isomorphic
vector spaces.

We state a theorem that ties projective representations with the second cohomological

group.

Theorem 5 (Classification of projective representations). Let p;, p, be two projective
representations associated to the 2-cocycles ¢y, ¢, respectively. Let H? [G, K*] be the second
cohomology group of trivial group action. Then, if p; and p, are projectively equivalent, then

[p1] = [po] € H? |G, K*]. (D.10)

Hence, each class of projectively equivalent can be associated to a well-defined element of the
second cohomology group. In other words, they can be used to classify them.

This can be proven by computing the associated 2-cocycle of an equivalent representation
by substituting in Eq. (D.5). Having done this, we observe that the emerging 2-cocycles differ
by a coboundary. In fact, we obtain a criterion to show that two projective representations
are not equivalent. By contraposition,

Corollary 6. Let p;, p, be two projective representations associated to the 2-cocycles ¢, ¢,
respectively. Let H? [G, K*] be the second cohomology group of trivial group action. Then

[p1] # [pa] = p1 and p, are not projectively equivalent. (D.11)

Remark 44. As seen in Appendix C, the second cohomology group H? [G, K*] can be used
to classify the central group extensions of G by the central factors K*. Hence, we may
identify projective representations of a group G onto a vector space over the field K with
central group extensions.

From Theorem 5, we see that if a projective representation is equivalent to a linear
one, then the associated 2-cocycle musts be a coboundary. In fact, it can be shown that the
reverse holds, i.e.,

Proposition 16. For a projective representation there exists a linear one if and only if the
associated 2-cocycle is a coboundary.

Note that the proposition only states that there exists an equivalent linear representation.
This can be seen from the fact that not all linear representations are projectively equivalent.
For example,

41 0 0 +1 0 0
p1ope i L = GL(C?),  p(g)=|1 +1 0 palg)=1]1 -1 0], (D.12)
0 0 -1 0 0 -1

are both linear, but not projectively equivalent. It also shows, that the reverse of Theorem 5
does not hold. Thus, 2-cocycles can a priori not be used to show that projective representations
are equivalent.
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Projective Representation in Quantum Mechanics

We now consider a collection of requirements for projective representations inspired by
quantum mechanics. Let G be a group that encodes the symmetries of a model and C™ be
the vector space of our representation. Let e € G and 1 € GL(C"™) both be the respective
identity elements. A projective representation U : G — GL(C"™) must obey

Ule) = (D.13a)
Ul(g) U( ) = e ®9h) U(gh), ¢:Gx G —R/2nZ, (D.13b)
(U U >) U(f) = Ulg) (U U)). (D.130)

for all g, h, f € G. These conditions are motivated by our desire that representation be
normalized regarding the identity elements, as well as preserving associativity, and the fact
that in quantum mechanics, states are defined up to a multiplicative phase. Since a projective
representation can be thought of as a map to the projective linear group of GL(C"), these
conditions are not an important constraint. Due to the normalization,

¢(e,9) = d(g,e) =0  VgeGa, (D.134d)

holds.

Note that by identifying the group (R/27Z,+) with the unitary group U(1), ¢ can be
interpreted as a 2-cochain in C?[G,U(1))]. By Lemma 14, these are in fact 2-cocycles.
Furthermore, let ¢ : G — ({+1,—1}, -) = Z, be the group homomorphism inducing the
group action required to define the coboundary operator 6!, see Example B.9. Here, the
symbol ¢ = 41 dictates whether the representation is unitary or anti-unitary, i.e., ¢ = 41 or
¢ = —1, respectively.

We are interested in classifying equivalent projective representations, see Definition 34.
To do so, we will use the second cohomology group

H? (G, (R/27Z,+),] = H? |G, U(1),] (D.14)

and Theorem 5.

As noted above, quantum states are equivalent up to multiplication by a phase. Hence,
we replace the multiplicative factor seen in Eq. (D.9) by e 9) for o a 1-cochain. We recall
that

(0i) (g,h) = c(g)a(h) —alg-h) +alg).  g,heG. (D.15)

Since 2-cocycles modulo a coboundary are again 2-cocycles, the normalization of the
projective representations requires

0L (¢+6La)(ee)
= ¢(e,¢) +ale) + e(e) ale) — alee)
o =1

= af(e), (D.16)

where we used that ¢(g) is a group homomorphism.

122



Remark 45. In this context, projective equivalence is nothing else but gauge equivalence in
physics.

Remark 46. In light of Remark 44, we may identify anti-unitary representations with non-
central group extensions.
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